
Chapter 1

Exercise 1.1.i.i: Show that a morphism can have at most one inverse isomorphism.
Given 𝑓 ∶ 𝑥 → 𝑦 and 𝑔, 𝑔′ ∶ 𝑦 → 𝑥 with 𝑓 𝑔 = 1𝑦, 𝑔𝑓 = 1𝑥, 𝑓 𝑔′ = 1𝑦 and 𝑔′𝑓 = 1𝑥, then

𝑔 = 1𝑥𝑔 = 𝑔′𝑓 𝑔 = 𝑔′1𝑦 = 𝑔′

Exercise 1.1.i.ii: Consider a morphism 𝑓 ∶ 𝑥 → 𝑦. Show that if there exists a pair of
morphisms 𝑔, ℎ ∶ 𝑦 ⇉ 𝑥 so that 𝑔𝑓 = 1𝑥 and 𝑓 ℎ = 1𝑦, then 𝑔 = ℎ and 𝑓 is an isomorphism.

Then 𝑔 = 𝑔1𝑦 = 𝑔𝑓 ℎ = 1𝑥ℎ = ℎ so that 𝑓 𝑔 = 𝑓 ℎ = 1𝑦 and we already know that
𝑔𝑓 = 1𝑥 hence 𝑓 is an isomorphism.

Exercise 1.1.1.iii: For any category C and any object 𝑐 ∈ C, show that:
(i) There is a category 𝑐/C whose objects are morphisms 𝑓 ∶ 𝑐 → 𝑥 with domain 𝑐

and in which a morphism from 𝑓 ∶ 𝑐 → 𝑥 to 𝑔 ∶ 𝑐 → 𝑦 is a map ℎ ∶ 𝑥 → 𝑦 between
the codomains so that the triangle

𝑐

𝑥 𝑦

𝑔𝑓

ℎ

commutes, i.e., so that 𝑔 = ℎ𝑓
Suppose 𝑓 ∶ 𝑐 → 𝑥, 𝑔 ∶ 𝑐 → 𝑦, ℎ ∶ 𝑐 → 𝑧 are objects of 𝑐/C and 𝛼 ∶ 𝑥 → 𝑦, 𝛽 ∶ 𝑦 → 𝑧
are morphisms 𝑓 → 𝑔 and 𝑔 → ℎ in 𝑐/C. In that case we have 𝛼𝑓 = 𝑔 and 𝛽𝑔 = ℎ.
Then define composition 𝛽𝛼 in 𝑐/C as composition in C. This is a morphism
𝑓 → ℎ in 𝑐/C because

(𝛽𝛼)𝑓 = 𝛽(𝛼𝑓 ) = 𝛽𝑔 = ℎ

Associativity follows from associativity in C.
Define the identity 1𝑓 for 𝑓 ∶ 𝑐 → 𝑥 as the identity 1𝑥 in C. Then given 𝛼 ∶ 𝑓 → 𝑔
(𝛼 ∶ 𝑥 → 𝑦 and 𝛼𝑓 = 𝑔), we have 𝛼1𝑓 = 𝛼1𝑥 = 𝛼 and 1𝑔𝛼 = 1𝑦𝛼 = 𝛼.

(ii) There is a category C/𝑐 whose objects are morphisms 𝑓 ∶ 𝑥 → 𝑐 with codomain 𝑐
and in which a morphism from 𝑓 ∶ 𝑥 → 𝑐 to 𝑔 ∶ 𝑦 → 𝑐 is a map ℎ ∶ 𝑥 → 𝑦 between
the codomains so that the triangle

𝑥 𝑦

𝑐

ℎ

𝑓 𝑔

commutes, i.e., so that 𝑓 = 𝑔ℎ.
Exercise 1.2.i: Show that C/𝑐 ≅ (𝑐/Cop)op. Defining C/𝑐 to be (𝑐/Cop)op, deduce
Exercise 1.1.iii(ii) from Exercise 1.1.iii(i).

Say 𝑓 is an object of (𝑐/Cop)op which is, by definition, simply an object of 𝑐/Cop

which is amorphism 𝑓 op ∶ 𝑐 → 𝑥 inCop which is simply amorphism 𝑓 ∶ 𝑥 → 𝑐 inC. This
is the definition of objects in C/𝑐.
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Now say 𝑓 and 𝑔 are objects of (𝑐/Cop)op whichmeans they aremorphisms 𝑓 op ∶ 𝑐 →
𝑥 and 𝑔op ∶ 𝑐 → 𝑦 and say 𝛼op ∶ 𝑓 → 𝑔 is a morphism in (𝑐/Cop)op. This means that
𝛼 ∶ 𝑔op → 𝑓 op is a morphism in 𝑐/Cop. This means 𝛼 is a morphism 𝛼op ∶ 𝑦 → 𝑥 in Cop

such that 𝛼op𝑔op = 𝑓 op. Then

𝛼op𝑔op = 𝑓 op ⇔ (𝑔𝛼)op = 𝑓 op ⇔ 𝑔𝛼 = 𝑓

which means 𝛼 is a morphism 𝑓 → 𝑔 in C/𝑐.
We deduce thatC/𝑐 ≅ (𝑐/Cop)op is a category as follows: 𝑐/Cop is a category because

C is and (𝑐/Cop)op is a category because 𝑐/Cop is.

Exercise 1.2.ii:
(i) Show that a morphism 𝑓 ∶ 𝑥 → 𝑦 is a split epimorphism in a category C if and

only if for all 𝑐 ∈ C, post-composition 𝑓∗ ∶ C(𝑐, 𝑥) → C(𝑐, 𝑦) defines a surjective
function.
Proof: If 𝑓 is a split epi then we have 𝑓 ′ ∶ 𝑦 → 𝑥 such that 𝑓 𝑓 ′ = 1𝑦. Given
𝑔 ∶ 𝑐 → 𝑦 let 𝑔′ = 𝑓 ′𝑔 in which case post-composition gives 𝑓∗(𝑔′) = 𝑓 𝑔′ = 𝑓 𝑓 ′𝑔 =
1𝑦𝑔 = 𝑔 so that 𝑓∗ is a surjection.
In the other direction, if 𝑓∗ is a surjection then 1𝑦 ∶ 𝑦 → 𝑦 is in its image which is
to say there exists 𝑓 ′ ∶ 𝑦 → 𝑥 such that 𝑓∗(𝑓 ′) = 𝑓 𝑓 ′ = 1𝑦. Thus 𝑓 is a split epi.

(ii) Argue by duality that 𝑓 is a split monomorphism if and only if for all 𝑐 ∈ C, pre-
composition 𝑓 ∗ ∶ C(𝑦, 𝑐) → C(𝑥, 𝑐) defines a surjective function.

By definition, 𝑓 ∶ 𝑥 → 𝑦 is a split mono if and only if 𝑓 op ∶ 𝑦 → 𝑥 is a split epi in
C.This is the case if and only if post-composition 𝑓 op∗ ∶ Cop(𝑐, 𝑦) → Cop(𝑐, 𝑥) is a
surjection by the previous exercise. This is saying 𝑓 op𝑔op = (𝑔𝑓 )op is a surjection
on morphisms 𝑔′op ∶ 𝑐 → 𝑥 which is the same as pre-composition 𝑔𝑓 being a
surjection to 𝑔′ ∶ 𝑥 → 𝑐.

Example 1.3.15: Everymorphism 𝐺/𝐻 → 𝐺/𝐾 has the form 𝑔𝐻 ↦ 𝑔𝛾𝐾, where 𝛾 ∈ 𝐺
is an element so that 𝛾−1𝐻𝛾 ⊂ 𝐾.

Let 𝑓 ∶ 𝐺/𝐻 → 𝐺/𝐾 be such a morphism. Then 𝑓 (𝐻) = 𝛾𝐾 for some 𝛾 ∈ 𝐺. Then
for any ℎ ∈ 𝐻

𝛾−1ℎ𝛾𝐾 = 𝛾−1ℎ𝑓 (𝐻)
= 𝛾−1𝑓 (ℎ𝐻) Since 𝑓 is 𝐺-equivariant
= 𝛾−1𝑓 (𝐻)
= 𝛾−1𝛾𝐾
= 𝐾

Thus 𝛾−1ℎ𝛾 ∈ 𝐾.
Now given 𝛾 ∈ 𝐺 with the assumption that 𝛾−1𝐻𝛾 ⊂ 𝐾, define 𝑓 (𝑔𝐻) = 𝑔𝛾𝐻. This

is well-defined since for another 𝑔′𝐻 = 𝑔𝐻 (i.e. 𝑔′−1𝑔 ∈ 𝐻), we have
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𝑔𝛾𝐾 = 𝑔′𝑔′−1𝑔𝛾𝐾
= 𝑔′𝛾𝛾−1𝑔′−1𝑔𝛾𝐾
= 𝑔′𝛾(𝛾−1𝑔′−1𝑔𝛾)𝐾
= 𝑔′𝛾𝐾

since by assumption 𝛾−1𝑔′−1𝑔𝛾 ∈ 𝐾 due to 𝑔′−1𝑔 ∈ 𝐻.

Exercise 1.3.i: What is a functor between groups, regarded as on-object categories?
A morphism of groups.
Exercise 1.3.ii: What is a functor between preorders, regarded as categories? An
order-preserving function, i.e. if 𝑎 ≤ 𝑏 then 𝑓 𝑎 ≤ 𝑓 𝑏.
Exercise 1.3.iii: Find an example to show that the objects and morphisms in the
image of a functor 𝐹 ∶ 𝐶 → 𝐷 do not necessarily define a subcategory of 𝐷.

Map the category

𝑎 𝑏 𝑐 𝑑𝑓 𝑔

to
𝐹𝑎 𝐹𝑏 = 𝐹𝑐

𝐹𝑑

𝐹𝑓

𝐹𝑔

This image does not contain the composite 𝐹𝑔 ⋅ 𝐹𝑓 and so is not a category.
Exercise 1.3.viii: Lemma 1.3.8 shows that functors preserve isomorphisms. Find an
example to demonstrate that functors need not reflect isomorphisms: that is, find a
functor 𝐹 ∶ C → D and a morphism 𝑓 in C so that 𝐹𝑓 is an isomorphism in D but 𝑓 is not
an isomorphism in C.

Map

⋅ ⋅𝑓

to

⋅ ⋅
𝐹𝑓 =𝑔

𝑔−1

Exercise 1.4.i: Suppose 𝛼 ∶ 𝐹 ⇒ 𝐺 is a natural isomorphism. Show that the inverses
of the component morphisms define the components of a natural isomorphism 𝛼−1 ∶
𝐺 ⇒ 𝐹.

For any 𝑓 ∶ 𝑐 → 𝑐′ in C we need to show that the diagram

𝐺𝑐 𝐹𝑐

𝐺𝑐′ 𝐹𝑑

𝛼−1
𝑐

𝐺𝑓 𝐹𝑓
𝛼−1

𝑐′
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commutes.
This is true since

𝐹𝑓 ⋅ 𝛼−1
𝑐 = 𝛼−1

𝑐′ ⋅ 𝛼𝑐′ ⋅ 𝐹𝑓 ⋅ 𝛼−1
𝑐

= 𝛼−1
𝑐′ ⋅ (𝛼𝑐′ ⋅ 𝐹𝑓 ) ⋅ 𝛼−1

𝑐

= 𝛼−1
𝑐′ ⋅ (𝐺𝑓 ⋅ 𝛼𝑐) ⋅ 𝛼−1

𝑐 (Since 𝛼 is natural)
= 𝛼−1

𝑐′ ⋅ 𝐺𝑓

Exercise 1.4.ii: What is a natural transformation between a parallel pair of functors
between groups, regarded as categories?

Given the groups 𝐺 and 𝐻 and group homomorphisms 𝑓 , 𝑔 ∶ 𝐺 → 𝐻, then elements
𝛾 ∈ 𝐺, 𝑓 (𝛾) ∈ 𝐻, 𝑔(𝛾) ∈ 𝐻 correspond to arrows in the one object categories B𝐺 and
B𝐻 and 𝑓 and 𝑔 correspond to functors B𝐺 → B𝐻. By definition, a natural transforma-
tion 𝛼 ∶ 𝑓 ⇒ 𝑔 must correspond to a single element 𝛼 ∈ 𝐻 such that the following
diagram commutes

⋅ ⋅

⋅ ⋅

𝛼

𝑓 (𝛾) 𝑔(𝛾)
𝛼

for any 𝛾 ∈ 𝐺.
Equivalently we have 𝛼𝑓 (𝛾)𝛼−1 = 𝑔(𝛾) which is to say that the composition of 𝑓

with the inner automorphism 𝜙𝛼 defined by 𝛼 is 𝑔. Thus natural transformations corre-
spond to inner automorphisms that make the following diagram commute in the cate-
gory Group.

𝐺 𝐻

𝐻

𝑓

𝑔
𝜙𝛼

Exercise 1.4.iii: What is a natural transformation between a parallel pair of functors
between preorders, regarded as categories?

Given two functors 𝑓 and 𝑔 betweenpreorders anatural transformation simplymeans
that 𝑓 (𝑥) ≤ 𝑔(𝑥) for all 𝑥 in the domain.
Exercise 1.4.iv: In the notation of Example 1.4.7, prove that distinct parallel mor-
phisms 𝑓 , 𝑔 ∶ 𝑐 ⇉ 𝑑 define distinct natural transformations

𝑓∗, 𝑔∗ ∶ C(−, 𝑐) ⇒ C(−, 𝑑) and 𝑓 ∗, 𝑔∗ ∶ C(𝑑, −) ⇒ C(𝑐, −)

by post- and pre-composition.
To show that 𝑓∗ and 𝑔∗ are distinct, they must have a distinct component at some

particular object of C. By definition, the component of 𝑓∗ at 𝑏 ∈ C is the function that
sends ℎ ∈ C(𝑏, 𝑐) to 𝑓 ℎ ∈ C(𝑏, 𝑑). So take 𝑐 ∈ C and notice that

𝑓∗𝑐(1𝑐) = 𝑓 1𝑐 = 𝑓 ≠ 𝑔 = 𝑔1𝑐 = 𝑔∗𝑐(1𝑐)
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showing that 𝑓∗ and 𝑔∗ are distinct transformations. The proof for 𝑓 ∗ and 𝑔∗ is similar.
Exercise1.4.v: Recall the constructionof the commacategory for anypair of functors
𝐹 ∶ D → C and 𝐺 ∶ E → C described in Exercise 1.3.vi. From this data, construct a
canonical natural transformation 𝛼 ∶ 𝐹dom ⇒ 𝐺cod between the functors that from
the boundary of the square

𝐹 ↓ 𝐺 E

D C

cod

dom 𝐺

𝐹

𝛼

The comma category is composed of triples (𝑑 ∈ D, 𝑒 ∈ E, 𝑓 ∶ 𝐹𝑑 → 𝐺𝑒) with arrows
tuples (𝑔 ∶ 𝑑 → 𝑑′, ℎ ∶ 𝑒 → 𝑒′) such that the diagram

𝐹𝑑 𝐺𝑒

𝐹𝑑′ 𝐺𝑒′

𝑓

𝐹𝑔 𝐹ℎ
𝑓 ′

(1)

commutes.
Since dom(𝑑, 𝑒, 𝑓 ) = 𝑑 and cod(𝑑, 𝑒, 𝑓 ) = 𝑒, diagram (1) can be rewritten

𝐹 ⋅ dom(𝑑, 𝑒, 𝑓 ) 𝐺 ⋅ cod(𝑑, 𝑒, 𝑓 )

𝐹 ⋅ dom(𝑑′, 𝑒′, 𝑓 ′) 𝐺 ⋅ cod(𝑑′, 𝑒′, 𝑓 ′)

𝑓

𝐹𝑔 𝐹ℎ
𝑓 ′

showing that the arrows 𝑓 assemble into a natural transformation. Thus define the com-
ponent of 𝛼 at (𝑑, 𝑒, 𝑓 ) to be 𝛼(𝑑,𝑒,𝑓 ) = 𝑓 .
Exercise 1.5.i: Prove Lemma 1.5.1: Fixing a parallel pair of functors 𝐹, 𝐺 ∶ C ⇉ D,
natural transformations 𝛼 ∶ 𝐹 ⇒ 𝐺 correspond bijectively to functors 𝐻 ∶ C × 𝟚 → D
such that 𝐻 restricts along 𝑖0 and 𝑖1 to the functors 𝐹 and 𝐺, i.e., so that

C C × 𝟚 C

D

𝑖0

𝐹
𝐻

𝑖1

𝐺
(2)

Given𝐹, 𝐺 and𝛼, define𝐻 onobjects by𝐻(𝑐, 0) = 𝐹𝑐 and𝐻(𝑐, 1) = 𝐺𝑐 andonarrows
by𝐻(𝑓 , 10) = 𝐹𝑓 , 𝐻(𝑓 , 11) = 𝐺𝑓 and𝐻(𝑓 , 𝑓01) is the common composite𝐺𝑓 ⋅𝛼𝑐 = 𝛼𝑐′ ⋅𝐹𝑓
where 𝑓01 is the unique arrow 0 → 1 ∈ 𝟚. Since 𝑖0(𝑐) = (𝑐, 0) and 𝑖0(𝑓 ) = (𝑓 , 10) (and
similarly for 𝑖1), this satisfies diagram (2).

Given composition rules, there are four cases to consider to check if this is a functor:

(𝑓 , 10)(𝑔, 10) (1)
(𝑓 , 11)(𝑔, 11) (2)
(𝑓 , 11)(𝑔, 𝑓01) (3)
(𝑓 , 𝑓01)(𝑔, 10) (4)
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For case (1),

𝐻((𝑓 , 10)(𝑔, 10)) = 𝐻(𝑓 𝑔, 10)
= 𝐹(𝑓 𝑔)
= 𝐹𝑓 ⋅ 𝐹𝑔
= 𝐻(𝑓 , 10)𝐻(𝑔, 10)

and case (2) is similar. For cases (3) and (4),

𝐻((𝑓 , 11)(𝑔, 𝑓01)) = 𝐻(𝑓 𝑔, 𝑓01)
= 𝐺(𝑓 𝑔)𝛼𝑐

= 𝐺𝑓 ⋅ 𝐺𝑔 ⋅ 𝛼𝑐

= 𝐻(𝑓 , 11)𝐻(𝑔, 𝑓01)
𝐻((𝑓 , 𝑓01)(𝑔, 10)) = 𝐻(𝑓 𝑔, 𝑓01)

= 𝛼𝑐′ 𝐹(𝑓 𝑔)
= 𝛼𝑐′ ⋅ 𝐹𝑓 ⋅ 𝐹𝑔
= 𝐻(𝑓 , 𝑓01)𝐻(𝑔, 10)

Conversely, assume a functor 𝐻 ∶ C × 𝟚 → 𝐷 such that diagram (2) commutes.
Since, by the diagram, 𝐻(𝑐, 10) = 𝐹𝑐 and 𝐻(𝑐, 11) = 𝐺𝑐 and (1𝑐, 𝑓01) ∶ (𝑐, 10) → (𝑐, 11),
we have 𝐻(1𝑐, 𝑓01) ∶ 𝐹𝑐 → 𝐺𝑐. Thus, define components 𝛼𝑐 = 𝐻(1𝑐, 𝑓01). Then for
𝑓 ∶ 𝑐 → 𝑐′,

𝛼𝑐′ ⋅ 𝐹𝑓 = 𝐻(1𝑐′ , 𝑓01)𝐻(𝑓 , 10)
= 𝐻(𝑓 , 𝑓01)
= 𝐻(𝑓 , 11)𝐻(1𝑐, 𝑓01)
= 𝐺𝑓 ⋅ 𝛼𝑐

so that the components assemble into a natural transformation 𝛼 ∶ 𝐹 ⇒ 𝐺.
Exercise 1.5.ii: Prove that Γ is equivalent to the opposite of the category Fin∗ of finite
pointed sets.

Define 𝐹 ∶ Γ → Fin∗ by sending 𝑆 → (𝑆 ∪ {𝑆}, {𝑆}). Given a morphism 𝑆 → 𝑇 ∈ Γ
corresponding to a function 𝜃 ∶ 𝑆 → 𝑃(𝑇), define the based function function 𝐹𝜃 ∶
𝑇 ∪ {𝑇} → 𝑆 ∪ {𝑆} as follows,

𝑡 ↦
⎧{
⎨{⎩

𝑠 if 𝑡 ∈ 𝜃(𝑠) for some 𝑠 ∈ 𝑆.
{𝑆} otherwise.

This is well-defined since the sets 𝜃(𝑠) for 𝑠 ∈ 𝑆 are all disjoint.
The other functor 𝐺 ∶ Fin∗ → Γ is defined on objects by (𝑋, 𝑥) ↦ 𝑋 ∖ 𝑥 and on

arrows 𝑓 ∶ (𝑋, 𝑥) → (𝑌, 𝑦) by sending 𝑎 ∈ 𝑌 ∖ 𝑦 to the pre-image 𝑓 −1(𝑎) ⊆ 𝑋 ∖ 𝑥, thus
a function 𝐺𝑓 ∶ 𝑌 ∖ 𝑦 → 𝑃(𝑋 ∖ 𝑥). I’m not going to prove the natural isomorphism, it
is basically the same as given in Example 1.5.6.
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Exercise 1.5.iii: Prove Lemma 1.5.10: Any morphism 𝑓 ∶ 𝑎 → 𝑏 and fixed isomor-
phisms 𝑎 ≅ 𝑎′ and 𝑏 ≅ 𝑏′ determine a unique morphism 𝑓 ′ ∶ 𝑎′ → 𝑏′ so that any of—or,
equivalently, all of—the following four diagrams commute:

𝑎 𝑎′

𝑏 𝑏′

𝑓

≅

𝑓 ′

≅

𝑎 𝑎′

𝑏 𝑏′

𝑓

≅

𝑓 ′

≅

𝑎 𝑎′

𝑏 𝑏′

𝑓

≅

𝑓 ′

≅

𝑎 𝑎′

𝑏 𝑏′

𝑓

≅

𝑓 ′

≅

Let 𝛼 ∶ 𝑎 ≅−→ 𝑎′ and 𝛽 ∶ 𝑏 ≅−→ 𝑏′ be the isomorphisms and define 𝑓 ′ = 𝛽𝑓 𝛼−1. The four
relations therefore are

𝑓 ′ = 𝛽𝑓 𝛼−1

𝑓 ′𝛼 = 𝛽𝑓
𝛽−1𝑓 ′ = 𝑓 𝛼−1

𝛽−1𝑓 ′𝛼 = 𝑓

If any are true, then all are true simply by moving the isomorphisms around. If any
of the relations are true for some other 𝑔 ∶ 𝑎′ → 𝑏′ then 𝑔 = 𝛽𝑓 𝛼−1 = 𝑓 ′ so that the
arrow is unique.
Exercise 1.5.iv: Show that a full and faithful functor 𝐹 ∶ 𝐶 → 𝐷 both reflects and
creates isomorphisms. That is show:

(i) If 𝑓 is a morphism in C so that 𝐹𝑓 is an isomorphism in D, then 𝑓 is an isomor-
phism.

(ii) If 𝑥 and 𝑦 are objects in C so that 𝐹𝑥 and 𝐹𝑦 are isomorphic in D, then 𝑥 and 𝑦 are
isomorphic in C.

By Lemma 1.3.8, the converses of these statements hold for any functor.
(i) Since 𝐹 is full and 𝐹𝑓 is an isomorphism, there is some 𝑔 so that 𝐹𝑔 = (𝐹𝑓 )−1.

Then 𝐹(𝑔𝑓 ) = 𝐹𝑔 ⋅ 𝐹𝑓 = (𝐹𝑓 )−1𝐹𝑓 = 1𝐹𝑥. Since also 𝐹1𝑥 = 1𝐹𝑥 and because 𝐹 is
faithful we must have that 𝑔𝑓 = 1𝑥. Similarly 𝑓 𝑔 = 1𝑦 showing that 𝑔 = 𝑓 −1.

(ii) Since 𝐹 is full, there exists 𝑓 ∶ 𝑥 → 𝑦 such that 𝐹𝑓 ∶ 𝐹𝑥 ≅−→ 𝐹𝑦 and 𝑔 ∶ 𝑦 → 𝑥 such
that 𝐹𝑔 = (𝐹𝑓 )−1. Then 𝐹(𝑔𝑓 ) = 𝐹𝑔 ⋅ 𝐹𝑓 = 1𝐹𝑥 whence 𝑔𝑓 = 1𝑥 by faithfulness.
The other side follows by the same argument.

Exercise 1.5.v: Find an example to show that a faithful functor need not reflect iso-
morphisms.

𝑥 𝑦𝑓 ↦ 𝐹𝑥 𝐹𝑦
𝐹𝑓

(𝐹𝑓 )−1

Exercise 1.5.vi: Just showing that a composite of natural isomorphisms is a natural
isomorphism. This seems completely trivial to prove so I’m leaving it.
Exercise 1.5.vii: Let G be a connected groupoid and let 𝐺 be the group of automor-
phisms of any of its objects. The inclusion B𝐺 ↪ G defines an equivalence of categories.
Construct an inverse equivalenceG → B𝐺.
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Let 𝑔 be the image of B𝐺 in G. For each ℎ ∈ G choose one particular isomorphism
𝜖ℎ ∶ 𝑔 → ℎ. For 𝑔, choose 𝜖𝑔 = 1𝑔. Then to define the functor G → B𝐺, send each ℎ to
𝑔 and send any 𝑓 ∶ ℎ → ℎ′ to 𝜖−1

ℎ′ 𝑓 𝜖ℎ ∶ 𝑔 → 𝑔.

𝑔 ℎ

𝑔 ℎ′

𝜖ℎ

𝜖−1
ℎ′ 𝑓 𝜖ℎ

𝑓

𝜖−1
ℎ′

This is a functor since
𝜖−1

ℎ′′ 𝑓 ′𝜖ℎ′ 𝜖−1
ℎ′ 𝑓 𝜖ℎ = 𝜖−1

ℎ′′ 𝑓 ′𝑓 𝜖ℎ

and
𝜖−1

ℎ 1ℎ𝜖ℎ = 𝜖−1
ℎ 𝜖ℎ = 1𝑔

Exercise 1.5.viii: Inverse equivalence Projl → Affine.
Given an affine plane 𝐴, add a point for every equivalence class of parallel lines and

add incidence data where each line in that equivalence class intersects the correspond-
ing point. Finally add a line consisting of all those points—with corresponding inci-
dence data—and designate it to be the line at infinity.
Exercise 1.5.ix: Show that any category that is equivalent to a locally small category
is locally small.

Assume we have the the functor 𝐹 ∶ C → D that is full, faithful and essentially surjec-
tive and that D is locally small. By faithfulness, if there is an arrow 𝑓 ∶ 𝑥 → 𝑦 such that
𝐹𝑓 = 𝑔 for some 𝑔 ∶ 𝐹𝑥 → 𝐹𝑦 ∈ C, then that arrow is unique. By the axiom schema
of replacement, there exists a set 𝑆 of arrows 𝑓 ∶ 𝑥 → 𝑦 such that 𝐹𝑓 ∈ D(𝐹𝑥, 𝐹𝑦) since
D(𝐹𝑥, 𝐹𝑦) is a set. By fullness, this is all the arrows 𝑓 ∶ 𝑥 → 𝑦, that is, 𝑆 = C(𝑥, 𝑦).
Exercise 1.6.i: Show that any map from a terminal object in a category to an initial
one is an isomorphism. Anobject that is both initial and terminal is called a zeroobject.

Assume we have 𝑓 ∶ 𝑡 → 𝑖. Since 𝑖 is initial (and equally because 𝑡 is terminal) there
is a unique arrow 𝑔 ∶ 𝑖 → 𝑡. Then 𝑔𝑓 ∶ 𝑡 → 𝑡 must be 1𝑡 since, by uniqueness of arrows to
𝑡, there is only one arrow 𝑡 → 𝑡. Similarly 𝑔𝑓 ∶ 𝑖 → 𝑖 is 1𝑖 since by uniqueness of arrows
from 𝑖 there is only one arrow 𝑖 → 𝑖.
Exercise 1.6.ii: Show that any two terminal objects in a category are connected by a
unique isomorphism.

Assuming that 𝑡1 and 𝑡2 areboth terminal, wehaveunique arrows 𝑓1 ∶ 𝑡2 → 𝑡1 because
𝑡1 is terminal and 𝑓2 ∶ 𝑡1 → 𝑡2 because 𝑡2 is. Then 𝑓1𝑓2 must be 1𝑡1

becuase 𝑡1 is terminal
(uniqueness of arrows to 𝑡1) and similarly 𝑓2𝑓1 = 1𝑡2

.
Exercise 1.6.iii: Show that any faithful functor reflects monomorphisms. That is, if
𝐹 ∶ C → D is faithful, prove that if 𝐹𝑓 is a monomorphism in D, then 𝑓 is a monomor-
phism inC. Argue byduality that faithful functors also reflect epimorphisms. Conclude
that in any concrete category, anymorphism that defines an injection of underlying sets
is a monomorphism and any morphism that defines a surjection of underlying sets is
an epimorphism.
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Assume that 𝑓 𝑔 = 𝑓 ℎ for some arrows 𝑔, ℎ. Then 𝐹𝑓 ⋅ 𝐹𝑔 = 𝐹𝑓 ⋅ 𝐹ℎ wherefore 𝐹𝑔 = 𝐹ℎ
since 𝐹𝑓 is monic. Because 𝐹 is faithful, 𝑔 = ℎ. The functor 𝐹 ∶ Cop → Dop defined by 𝐹
is also faithful whereby 𝐹 also preserves epimorphisms by duality.

Sincemonics and epics in Set are injections and surjections respectively, these reflect
into monics and epics in the corresponding concrete category.
Exercise 1.6.iv: Fin an example to show that a faithful functor need not preserve
epimorphisms. Argue by duality, or by another counterexample, that a faithful functor
need not perserve monomorphisms.

Send
⋅ ⋅

⋅

𝑓

𝑔𝑓
𝑔

to
⋅ ⋅

⋅

𝐹𝑓

𝐹(𝑔𝑓 )=ℎ𝐹𝑓
𝐹𝑔≠ℎ

A concrete realization of this functor is:

{𝑎} {𝑏}

{𝑐}

to
{𝑎} {𝑏, 𝑏1}

{𝑐, 𝑐1}

𝑓

ℎ
𝑔1 𝑔2

where

𝑓 (𝑎) = 𝑏

𝑔1(𝑏) = 𝑔1(𝑏1) = 𝑐

𝑔2(𝑏) = 𝑐
𝑔2(𝑏1) = 𝑐1

ℎ(𝑎) = 𝑐

Then 𝑔1𝑓 = ℎ = 𝑔2𝑓 though 𝑔1 ≠ 𝑔2.
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Exercise 1.6.v: More specifically, find a concrete category that contains a monomor-
phism whose underlying function is not injective. Find a concrete category that con-
tains an epimorphism whose underlying function is not surjective.

The idea for a monic that is not injective is that there are some elements that cannot
be distinguished via functions into the domain set. For example, consider a category
of sets 𝑆 with distinguished points 𝑠1, … , 𝑠𝑛 ∈ 𝑆. Arrows are functions 𝑓 ∶ 𝑆 → 𝑇 where
either 𝑓 (𝑠𝑖) = 𝑡𝑖 or 𝑇 has one distinguished point and all 𝑓 (𝑠𝑖) = 𝑡1 in which case the
points are identified in the target set. In that second case, any function that is injective
on 𝑆 ∖ {𝑠𝑖} is monic in this category but not injective on the underlying sets. After all,
for 𝑔, ℎ ∶ 𝑄 → 𝑆 with 𝑓 𝑔 = 𝑓 ℎ then 𝑔 and ℎ must agree on 𝑄 ∖ {𝑞𝑖} by injectivity and we
have 𝑔(𝑞𝑖) = 𝑠𝑖 = ℎ(𝑞𝑖) by definition.

For epics that are not surjective, the idea is there is a subset that sufficiently covers
the domain set so that maps out cannot disagree. The example here is the category of
Hausdorff spaces with continuousmaps. Any inclusion of a dense proper subset is epic
but not surjective, such as the rationals in the real numbers.

Another example is ℤ ↪ ℚ in Ring. This is epic but not surjective. It’s also monic
(since it is injective) but this is not an isomorphism.

The key here is to understand that concrete categories restrict the arrows in various
ways. Otherwise they would simply be the category of Set. When the arrows going into
an object are restricted then it is possible to end up with monics that are not injective
out of that object. When arrows going out of an object are restricted then it is possible
to have epics that are not surjective into that object.
Exercise 1.6.vi: A coalgebra for an endofunctor 𝑇 ∶ C → C is an object 𝐶 ∈ C
equipped with a map 𝛾 ∶ 𝐶 → 𝑇𝐶. A morphism 𝑓 ∶ (𝐶, 𝛾) → (𝐶′, 𝛾′) of coalgebras is a
map 𝑓 ∶ 𝐶 → 𝐶′ so that the square

𝐶 𝐶′

𝑇𝐶 𝑇𝐶′

𝑓

𝛾 𝛾′

𝑇𝑓

commutes. Prove that if (𝐶, 𝛾) is a terminal coalgebra, that is a terminal object in the
category of coalgebras, then the map 𝛾 ∶ 𝐶 → 𝑇𝐶 is an isomorphism.

Let 𝛾 ∶ 𝐶 → 𝑇𝐶 be a terminal coalgebra and notice that 𝑇𝛾 ∶ 𝑇𝐶 → 𝑇𝑇𝐶 is also a
coalgebra, that 𝛾 is trivially a coalgebra morphism (𝐶, 𝛾) → (𝑇𝐶, 𝑇𝛾), and finally since
(𝐶, 𝛾) is terminal, we have a unique coalgebra morphism 𝑓 ∶ (𝑇𝐶, 𝑇𝛾) → (𝐶, 𝛾):

𝐶 𝑇𝐶 𝐶

𝑇𝐶 𝑇𝑇𝐶 𝑇𝐶

𝛾

𝛾 𝑇𝛾

𝑓

𝛾

𝑇𝛾 𝑇𝑓

By the above diagram, 𝑓 𝛾 ∶ 𝐶 → 𝐶 is a coalgebramorphism (𝐶, 𝛾) → (𝐶, 𝛾) and somust
be 1𝑐 by uniqueness since (𝐶, 𝛾) is terminal. Then by the right square 𝛾𝑓 = 𝑇(𝑓 𝛾) =
𝑇(1𝐶) = 1𝑇𝐶

so that 𝛾 is an isomorphism.
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Exercise 1.7.i: Prove that if C is small and D is locally small, then DC is locally small
by defining a monomorphism from the collection of natural transformations between
a fixed pair of functors 𝐹, 𝐺 ∶ C ⇉ 𝐷 into a set.

Since C is a set, the collection {𝛼𝑐 ∶ 𝐹𝑐 → 𝐺𝑐 ∣ 𝑐 ∈ C} is a set 𝑆𝛼 by the axiom schema
of substitution. Moreover we have that 𝑆𝛼 ⊆ ⋃{D(𝐹𝑐, 𝐺𝑐) ∣ 𝑐 ∈ C} since each D(𝐹𝑐, 𝐺𝑐)
is a set.

I’ll finish this one later.
Exercise 1.7.ii: Given a natural transformation 𝛽 ∶ 𝐻 ⇒ 𝐾 and functors 𝐹 and 𝐿 as
displayed in

𝐶 𝐷 𝐸 𝐹𝐹

𝐻

𝐾

𝛽 𝐿

define a natural transformation 𝐿𝛽𝐹 ∶ 𝐿𝐻𝐹 ⇒ 𝐿𝐾𝐹 by (𝐿𝛽𝐹)𝑐 = 𝐿𝛽𝐹𝑐. This is the
whiskered composited of 𝛽 with 𝐿 and 𝐹. Prove that 𝐿𝛽𝐹 is natural.

Given 𝑓 ∶ 𝑐 → 𝑐′, apply naturality of 𝛽 to 𝐹𝑓 ∶ 𝐹𝑐 → 𝐹𝑐′ to get

𝐻𝐹𝑐 𝐾𝐹𝑐

𝐻𝐹𝑐′ 𝐾𝐹𝑐′

𝛽𝐹𝑐

𝐻𝐹𝑓 𝐾𝐹𝑓

𝛽𝐹𝑐′

Since functors preserve diagrams, apply 𝐿 to the diagram above to get

𝐿𝐻𝐹𝑐 𝐿𝐾𝐹𝑐

𝐿𝐻𝐹𝑐′ 𝐿𝐾𝐹𝑐′

𝐿𝛽𝐹𝑐

𝐿𝐻𝐹𝑓 𝐿𝐾𝐹𝑓

𝐿𝛽𝐹𝑐′

which is the definition of naturality for 𝐿𝛽𝐹.
Exercise 1.7.iii: Redefine horizontal composition of natural transformations intro-
duced in Lemma 1.7.4 using vertical composition and whiskering.

Given the functors and transformations

C D E

𝐹

𝐺

𝛼

𝐻

𝐾

𝛽

define
𝛽𝐺 ⋅ 𝐻𝛼 = 𝛽 ∗ 𝛼 = 𝐾𝛼 ⋅ 𝛽𝐹

By the definition of whiskering, the components of the left hand side correspond to
the bottom left of the following diagram and the components of the right correspond
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to the upper right:

𝐻𝐹𝑐 𝐾𝐹𝑐

𝐻𝐺𝑐 𝐾𝐺𝑐

𝛽𝐹𝑐

𝐻𝛼𝑐 𝛽∗𝛼 𝐾𝑎𝑐

𝛽𝐺𝑐

which is the same definition given in Lemma 1.7.4.
Exercise 1.7.iv: Prove Lemma 1.7.7: (middle four interchange) Given functors and
natural transformations

C D E

𝐹

𝐺
𝛼

𝐻
𝛽

𝐽

𝐾
𝛾

𝐿
𝛿

the natural transformation 𝐽𝐹 ⇒ 𝐿𝐻 defined by first composing vertically and then
composing horizontally equals the natural transformation defined by first composing
horizontally and then composing vertically:

C D E

𝐹

𝐻

𝛽⋅𝛼

𝐽

𝐿

𝛿⋅𝛾 = C E

𝐽𝐹

𝐾𝐺

𝛾∗𝛼

𝐿𝐻
𝛿∗𝛽

First notice that whiskering a vertical composition with a functor distributes on the
left since

(𝐿(𝛽 ⋅ 𝛼))𝑐 = 𝐿(𝛽 ⋅ 𝛼)𝑐 = 𝐿(𝛽𝑐𝛼𝑐) = 𝐿𝛽𝑐 ⋅ 𝐿𝛼𝑐 = (𝐿𝛽 ⋅ 𝐿𝛼)𝑐

by functoriality of 𝐿 and on the right by definition:

((𝛿 ⋅ 𝛾)𝐹)𝑐 = (𝛿 ⋅ 𝛾)𝐹𝑐 = 𝛿𝐹𝑐 ⋅ 𝛾𝐹𝑐 = (𝛿𝐹 ⋅ 𝛾𝐹)𝑐

Then,

(𝛿 ⋅ 𝛾) ∗ (𝛽 ⋅ 𝛼) = (𝐿(𝛽 ⋅ 𝛼)) ⋅ ((𝛿 ⋅ 𝛾)𝐹) (1)
= 𝐿𝛽 ⋅ 𝐿𝛼 ⋅ 𝛿𝐹 ⋅ 𝛾𝐹 (2)
= 𝐿𝛽 ⋅ (𝛿 ∗ 𝛼) ⋅ 𝛾𝐹 (3)
= 𝐿𝛽 ⋅ 𝛿𝐺 ⋅ 𝐾𝛼 ⋅ 𝛾𝐹 (4)
= (𝛿 ∗ 𝛽) ⋅ (𝛾 ∗ 𝛼) (5)

Equation (2) is due to distributivity and the rest of the steps are applications of the
previous exercise.
Exercise 1.7.vii: Prove that a bifunctor 𝐹 ∶ C × D → E determines and is uniquely
determined by:

(i) A functor 𝐹(𝑐, −) ∶ D → E for each 𝑐 ∈ C.
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(ii) A natural transformation 𝐹(𝑓 , −) ∶ 𝐹(𝑐, −) ⇒ 𝐹(𝑐′, −) for each 𝑓 ∶ 𝑐 → 𝑐′ in 𝑠𝐶,
defined functorially in C.

In other words, prove that there is a bijection between functorsC×D → E and functors
C → ED. By symmetry of the product of categories, these classes of functors are also in
bijection with functors D → EC.

Assuming a bifunctor 𝐹 ∶ C × D → E then define a functor 𝐹(𝑐, −) ∶ D → E by 𝐹(𝑐, 𝑑)
on objects and 𝐹(𝑐, 𝑓 ) = 𝐹(1𝑐, 𝑓 ) ∶ 𝐹(𝑐, 𝑑) → 𝐹(𝑐, 𝑑′) on arrows 𝑓 ∶ 𝑑 → 𝑑′. Then
𝐹(𝑐, 𝑔𝑓 ) = 𝐹(1𝑐, 𝑔𝑓 ) = 𝐹(1𝑐, 𝑔)𝐹(1𝑐, 𝑓 ) = 𝐹(𝑐, 𝑔)𝐹(𝑐, 𝑓 ) by bifunctoriality. Naturality
means that for 𝑓 ∶ 𝑐 → 𝑐′ in C and 𝑔 ∶ 𝑑 → 𝑑′ in D, the following diagram commutes:

𝐹(𝑐, 𝑑) 𝐹(𝑐′, 𝑑)

𝐹(𝑐, 𝑑′) 𝐹(𝑐′, 𝑑′)

𝐹(𝑓 ,𝑑)

𝐹(𝑐,𝑔) 𝐹(𝑐′,𝑔)

𝐹(𝑓 ,𝑑′)

where 𝐹(𝑓 , 𝑑) is defined similarly as 𝐹(𝑓 , 1𝑑). This follows since the top-right composite
is 𝐹(1𝑐′ , 𝑔)𝐹(𝑓 , 1𝑑) = 𝐹(𝑓 , 𝑔) and the bottom-left composite is 𝐹(𝑓 , 1𝑑′ )𝐹(1𝑐, 𝑔) = 𝐹(𝑓 , 𝑔)
by bifunctoriality.

For this to be functorial in C → ED we need the composite transformation 𝐹(𝑔𝑓 , −) ∶
𝐹(𝑐, −) ⇒ 𝐹(𝑐″, −) to be the vertical composition 𝐹(𝑔, −) ⋅ 𝐹(𝑓 , −) for 𝑓 ∶ 𝑐 → 𝑐′ and
𝑔 ∶ 𝑐′ → 𝑐″ in C. Since the definition of the vertical composite is component-wise
composition, this follows since 𝐹(𝑔𝑓 , 𝑑) = 𝐹(𝑔, 𝑑)𝐹(𝑓 , 𝑑) by bifunctoriality.

Conversely assuming i. and ii., define a bifunctor C × D → E by 𝐹(𝑐, 𝑑) on objects
and define 𝐹(𝑓 , 𝑔) for 𝑓 ∶ 𝑐 → 𝑐′ in C and 𝑔 ∶ 𝑑 → 𝑑′ in D as the common composite, due
to naturality, of the diagram

𝐹(𝑐, 𝑑) 𝐹(𝑐′, 𝑑)

𝐹(𝑐, 𝑑′) 𝐹(𝑐′, 𝑑′)

𝐹(𝑓 ,𝑑)

𝐹(𝑐,𝑔) 𝐹(𝑐′,𝑔)

𝐹(𝑓 ,𝑑′)

For ℎ ∶ 𝑐′ → 𝑐″ in C and 𝑘 ∶ 𝑑′ → 𝑑″ in D, we show functoriality as

𝐹(ℎ𝑓 , 𝑘𝑔) = 𝐹(ℎ𝑓 , 𝑑″)𝐹(𝑐, 𝑘𝑔) By definition
= 𝐹(ℎ, 𝑑″)𝐹(𝑓 , 𝑑″)𝐹(𝑐, 𝑘)𝐹(𝑐, 𝑔) By functoriality and naturality
= 𝐹(ℎ, 𝑑″)𝐹(𝑐′, 𝑘)𝐹(𝑓 , 𝑑′)𝐹(𝑐, 𝑔) By commutativity of the definition
= 𝐹(ℎ, 𝑘)𝐹(𝑓 , 𝑔) By definition

Note that this exercise also solves Exercise 1.5.i by choosing C = 𝟚.
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Chapter 2

Exercise 2.1.i: For each of the three functors

𝟙 𝟚
0

1
!

between the categories 𝟙 and 𝟚, describe the corresponding natural transformation be-
tween the covariant functors Cat ⇉ Set represented by the categories 𝟙 and 𝟚.

The functor 0 ∶ 𝟙 → 𝟚 defines the natural transformation 0∗ ∶ Cat(𝟚, −) ⇒ Cat(𝟙, −)
by pre-composition whichmaps arrows to their domain objects. The functor 1 ∶ 𝟙 → 𝟚
corresponds to the natural transformation that sends arrows to their codomain objects.
! ∶ 𝟚 → 𝟙 defines the transformation that sends objects to their identity arrows.
Exercise 2.1.ii: Prove that if 𝐹 ∶ C → Set is representable, then 𝐹 preservesmonomor-
phisms, i.e., sends every monomorphism in C to an injective function. Use the contra-
positive to find a covariant set-valued functor defined on your favorite concrete cate-
gory that is not representable.

A monic 𝑓 ∶ 𝑥 → 𝑦 is by definition injective by post-composition 𝑓∗ ∶ C(𝑐, 𝑥) →
C(𝑐, 𝑦). Then assuming the natural isomorphism 𝛼 ∶ C(𝑐, −) → 𝐹, we have that 𝐹𝑓 =
𝛼𝑦𝑓∗𝛼−1

𝑥 so that 𝐹𝑓 is injective since it is a composition of injective functions.

C(𝑐, 𝑥) 𝐹𝑥

C(𝑐, 𝑦) 𝐹𝑦

𝛼𝑥

𝑓∗ 𝐹𝑓
𝛼𝑦

Taking the concrete category from Exercise 1.6.v, the functor with certain identi-
fied points is not representable. That is, there is no ”single point” object that we can
map to the multiple points that somewhere get identified.
Exercise 2.1.iii: Suppose 𝐹 ∶ C → Set is equivalent to 𝐺 ∶ D → Set in the sense
that there is an equivalence of categories 𝐻 ∶ C → D so that 𝐺𝐻 and 𝐹 are naturally
isomorphic.

(i) If 𝐺 is representable, then is 𝐹 representable?
(ii) If 𝐹 is representable, then is 𝐺 representable?
First note that whiskering preserves natural isomorphisms since the components of

a whisker (𝐺𝛼𝐹)𝑐 = 𝐺𝛼𝐹𝑐 which is an isomorphism since each 𝛼𝑑 is an iso and func-
tors preserve isos by Lemma 1.3.8. Vertical composition also preserves natural isomor-
phisms since the composition of the components (each isomorphisms) is an isomor-
phism.
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Now assuming the following data

𝐾 ∶ D → C

𝜂 ∶ 1C ≅ 𝐾𝐻
𝜖 ∶ 𝐻𝐾 ≅ 1D
𝛼 ∶ 𝐹 ≅ 𝐺𝐻
𝛾 ∶ C(𝑐, −) ≅ 𝐹

We first show that there exists 𝛽 ∶ 𝐹𝐾 ≅ 𝐺 by whiskering and vertically composing the
following diagram

D C

D Set

𝐾

1D

𝐻
𝐹

𝜖
𝛼
𝐺

so that 𝛽 = 𝐺𝜖 ⋅ 𝛼𝐾. Thus, claims i. and ii. are equivalent. Now using 𝛽, the following
diagram

D C Set𝐾

𝐺

C(𝑐,−)

𝐹

𝛾

𝛽

demonstrates that C(𝑐, −)𝐾 ≅ 𝐺 by 𝛽 ⋅ 𝛾𝐾.
By Proposition 4.4.5, C(𝑐, 𝐾𝑑) ≅ D(𝐻𝑐, 𝑑) by the function

D(𝐻𝑐, 𝑑) C(𝐾𝐻𝑐, 𝐾𝑑) C(𝑐, 𝐾𝑑)𝐾 𝜂∗
𝑐

and this is natural in 𝑑. That is, 𝑓 ∶ 𝐻𝑐 → 𝑑 is mapped to 𝐾𝑓 ⋅ 𝜂𝑐 ∶ 𝑐 → 𝐾𝑑. Naturality
follows because given 𝑔 ∶ 𝑑 → 𝑑′ the following diagram commutes

D(𝐻𝑐, 𝑑) C(𝐾𝐻𝑐, 𝐾𝑑) C(𝑐, 𝐾𝑑)

D(𝐻𝑐, 𝑑′) C(𝐾𝐻𝑐, 𝐾𝑑′) C(𝑐, 𝐾𝑑′)

𝐾

𝑔∗

𝜂∗
𝑐

(𝐾𝑔)∗ (𝐾𝑔)∗

𝐾 𝜂∗
𝑐

The left square commutes due to functoriality of 𝐾 (the top path is 𝑓 ↦ 𝐾𝑔 ⋅ 𝐾𝑓 and
bottom is 𝑓 ↦ 𝐾(𝑔𝑓 )) and the right square commutes by Exercise 1.4.iv. The firstmap
is an isomorphism because 𝐾 is fully faithful and the second map is an isomorphism
because𝜂𝑐 is. Naturality in 𝑑 says thatD(𝐻𝑐, −) ≅ C(𝑐, −)𝐾 ≅ 𝐺 so that𝐺 is represented
by 𝐻𝑐.
Exercise 2.1.iv: Characterize subsets that assemble into subfunctors of C(−, 𝑐).
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Let 𝑆𝑥 ⊂ C(𝑥, 𝑐) designate the subsets of some subfunctor of C(−, 𝑐). By definition,
given 𝑓 ∈ 𝑆𝑐 ∶ 𝑥 → 𝑐, for any 𝑔 ∶ 𝑦 → 𝑥, 𝑔∗(𝑓 ) = 𝑓 𝑔 ∈ 𝑆𝑦 ∶ 𝑦 → 𝑐. In normal language,
pre-composing any arrow with a member of 𝑆𝑥 is a member of some 𝑆𝑦. I suppose that
characterizes these sets but here are some further observations:

(i) If 1𝑐 ∈ 𝑆𝑐 then 𝑆𝑥 = C(𝑥, 𝑐) for all 𝑥 ∈ C because any 𝑓 ∶ 𝑥 → 𝑐 is the image
𝑓 ∗(1𝑐) = 1𝑐𝑓 = 𝑓 of 1𝑐 ∈ 𝑆𝑐.

(ii) Any iso 𝑓 ∈ 𝑆𝑐 implies the same because then 1𝑐 = 𝑓 −1𝑓 so that 1𝑐 ∈ 𝑆𝑐.
(iii) Same for any split monic with ℎ splitting because 1𝑐 = ℎ𝑓 .
(iv) Any monic 𝑓 ∶ 𝑐′ → 𝑐 creates a sub-functor 𝑓∗ ∶ C(−, 𝑐′) ⇒ C(−, 𝑐).

Exercise 2.2.i: State and prove the dual to Theorem 2.2.4, characterizing natural
transformations C(−, 𝑐) ⇒ 𝐹 for a contravariant functor 𝐹 ∶ Cop → Set.
Consider the evaluation bifunctor ev ∶ Cop × SetC

op
→ Set defined as ev(𝑐, 𝐹) = 𝐹𝑐

on objects and on arrows (𝑓 , 𝛼) as the common composite, due to naturality, of the
following diagram

𝑑 𝐹𝑑 𝐺𝑑

𝑐 𝐹𝑐 𝐺𝑐

𝛼𝑑

𝐹𝑓 𝐺𝑓𝑓

𝛼𝑐

That is, ev(𝑓 , 𝛼) = 𝐺𝑓 ⋅ 𝛼𝑑 = 𝛼𝑐 ⋅ 𝐹𝑓 ∶ 𝐹𝑑 → 𝐺𝑐. In the above, we are assuming 𝑐 ∈ C,
𝐹, 𝐺 ∈ SetC

op
which is to say that𝐹 and𝐺 are contravariant functorsCop → Set, 𝑓 ∶ 𝑐 → 𝑑,

and 𝛼 ∶ 𝐹 ⇒ 𝐺.
This is a functor since given 𝑔 ∶ 𝑑 → 𝑒 and 𝛽 ∶ 𝐺 ⇒ 𝐻, we can compute

ev(𝑔𝑓 , 𝛽𝛼) = (𝛽 ⋅ 𝛼)𝑐 ⋅ 𝐹(𝑔𝑓 )
= 𝛽𝑐 ⋅ 𝛼𝑐 ⋅ 𝐹𝑓 ⋅ 𝐹𝑔
= 𝛽𝑐 ⋅ 𝐺𝑓 ⋅ 𝛼𝑑 ⋅ 𝐹𝑔
= ev(𝑓 , 𝛽) ⋅ ev(𝑔, 𝛼)

by appealing to the following diagram

𝑒 𝐹𝑒

𝑑 𝐹𝑑 𝐺𝑑

𝑐 𝐹𝑐 𝐺𝑐 𝐻𝑐

𝐹𝑔
ev(𝑔,𝛼)𝑔

𝐹𝑓

𝛼𝑑

𝐺𝑓
ev(𝑓 ,𝛽)

𝑓

𝛼𝑐 𝛽𝑐

and the definition above.
There is another functor 𝑦 ∶ Cop ×SetC

op
→ Set defined as 𝑦(𝑐, 𝐹) = Hom(C(−, 𝑐), 𝐹)

on objects and on arrows as 𝑦(𝑓 , 𝛼) = 𝛼∗ ⋅ (𝑓∗)∗ ∶ Hom(C(−, 𝑑), 𝐹) → Hom(C(−, 𝑐), 𝐺).
To unpack the arrows definition, recall that any arrow 𝑓 ∶ 𝑐 → 𝑑 gives the natural trans-
formation 𝑓∗ ∶ C(−, 𝑐) ⇒ C(−, 𝑑) defined by post-composition: an arrow ℎ ∶ 𝑏 → 𝑐 is
sent to the arrow 𝑓∗(ℎ) = 𝑓 ℎ ∶ 𝑏 → 𝑑. Thus this definition says that we pre-compose 𝑓∗
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and post-compose 𝛼 ∶ 𝐹 ⇒ 𝐺 with a natural transformation 𝛿 ∶ C(−, 𝑑) ⇒ 𝐹 to form
𝑦(𝑓 , 𝛼)(𝛿) = 𝛼 ⋅ 𝛿 ⋅ 𝑓∗ ∶ C(−, 𝑐) ⇒ 𝐺. To unpack this further, the components of this
transformation are (𝛼 ⋅ 𝛿 ⋅ 𝑓∗)𝑏(ℎ) = 𝛼𝑏 ⋅ 𝛿𝑏(𝑓 ℎ) = 𝛼𝑏(𝛿𝑏(𝑓 ℎ)).

This too is a functor since

𝑦(𝑔𝑓 , 𝛽𝛼)(𝛿) = (𝛽𝛼)𝛿(𝑔𝑓 )∗

= 𝛽(𝛼𝛿𝑔∗)𝑓∗
= 𝛽(𝑦(𝑔, 𝛼)(𝛿))𝑓∗
= 𝑦(𝑓 , 𝛽) ⋅ 𝑦(𝑔, 𝛼)(𝛿)

The contravariant Yoneda lemma now states that there exists a natural isomorphism
Φ ∶ 𝑦 ⇒ ev by defining the components Φ𝑑,𝐹 ∶ Hom(C(−, 𝑑), 𝐹) → 𝐹𝑑 by Φ𝑑,𝐹(𝛽) =
𝛽𝑑(1𝑑). For this to be natural, the following diagram must commute

Hom(C(−, 𝑑), 𝐹) 𝐹𝑑

Hom(C(−, 𝑐), 𝐺) 𝐺𝑐

Φ𝑑,𝐹

𝑦(𝑓 ,𝛼) ev(𝑓 ,𝛼)

Φ𝑐,𝐺

The top right sends 𝛽 ↦ 𝛽𝑑(1𝑑) ↦ 𝛼𝑐 ⋅ 𝐹𝑓 (𝛽𝑑(1𝑑)) and the bottom left sends 𝛽 ↦
𝛼 ⋅ 𝛽 ⋅ 𝑓∗ ↦ (𝛼 ⋅ 𝛽 ⋅ 𝑓∗)𝑐(1𝑐) by definition. These are the same since

𝛼𝑐 ⋅ 𝐹𝑓 (𝛽𝑑(1𝑑)) = 𝛼𝑐 ⋅ 𝐹𝑓 ⋅ 𝛽𝑑(1𝑑)
= 𝛼𝑐 ⋅ 𝛽𝑐 ⋅ 𝑓 ∗(1𝑑) By naturality of 𝛽 ∶ C(−, 𝑑) ⇒ 𝐹
= 𝛼𝑐 ⋅ 𝛽𝑐(1𝑑𝑓 )
= 𝛼𝑐 ⋅ 𝛽𝑐(𝑓 1𝑐)
= (𝛼 ⋅ 𝛽 ⋅ 𝑓∗)𝑐(1𝑐)

The inverse of Φ ∶ 𝑦 ⇒ ev is Ψ ∶ ev ⇒ 𝑦 defined as follows. By definition, each Ψ𝑑,𝐹 ∶
𝐹𝑑 → Hom(C(−, 𝑑), 𝐹) must define a natural transformation C(−, 𝑑) ⇒ 𝐹 for any 𝑥 ∈
𝐹𝑑. Fixing 𝑑 and 𝐹, we define the components of this transformation as Ψ𝑑,𝐹(𝑥)𝑐(𝑓 ) =
𝐹𝑓 (𝑥). These assemble into a natural transformation C(−, 𝑑) → 𝐹 by functoriality of 𝐹.
That is, given 𝑔 ∶ 𝑏 → 𝑐

𝐹𝑔 ⋅ Ψ𝑑,𝐹(𝑥)𝑐(𝑓 ) = 𝐹𝑔(𝐹𝑓 (𝑥))
= 𝐹(𝑓 𝑔)(𝑥)
= Ψ𝑑,𝐹(𝑥)𝑏(𝑓 𝑔)
= Ψ𝑑,𝐹(𝑥)𝑏 ⋅ 𝑔∗(𝑓 )

This corresponds to the diagram:

𝑐 C(𝑐, 𝑑) 𝐹𝑐

𝑏 C(𝑏, 𝑑) 𝐹𝑏

𝑔∗

Ψ𝑑,𝐹(𝑥)𝑐

𝐹𝑔𝑔

Ψ𝑑,𝐹(𝑥)𝑏
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Now we show that Φ and Ψ are inverses since we have both

Φ𝑑,𝐹 ⋅ Ψ𝑑,𝐹(𝑥) = Ψ𝑑,𝐹(𝑥)𝑑(1𝑑)
= 𝐹1𝑑(𝑥)
= 1𝐹𝑑

(𝑥)

= 𝑥

and

(Ψ𝑑,𝐹 ⋅ Φ𝑑,𝐹(𝛼))𝑐(𝑓 ) = (Ψ𝑑,𝐹(𝛼𝑑(1𝑑)))
𝑐
(𝑓 )

= 𝐹𝑓 (𝛼𝑑(1𝑑))
= 𝐹𝑓 ⋅ 𝛼𝑑(1𝑑)
= 𝛼𝑐 ⋅ 𝑓 ∗(1𝑑) By naturality of 𝛼 ∶ C(−, 𝑑) ⇒ 𝐹
= 𝛼𝑐(1𝑑𝑓 )
= 𝛼𝑐(𝑓 )

Exercise 2.2.ii: Explain why the Yoneda lemma does not dualize to classify natural
transformations from an arbitrary set-valued functor to a represented functor.

Suchadualizationwouldhave tobe eitherHom(𝐹,C(−, 𝑐)) ≅ 𝐹𝑐orHom(𝐹,C(−, 𝑐)) ≅
C(𝑐, 𝑐). In the first case, the variance is wrong since the codomain functor 𝑒𝑣 ∶ Cop ×
SetC

op
→ Set does not match the domain functor which would need to be

𝑦 ∶ C × (SetC
op

)
op

→ Set

(𝑐, 𝐹) ↦ Hom(𝐹,C(−, 𝑐))

since the functors appear in the domain position of Hom, which is necessarily con-
travariant and the functor sending an object to its contravariant representation is co-
variant which also is wrong.

In the second case, besides the problem of not having a distinguished element in 𝐹𝑐
to send to C(−, 𝑐) given a transformation 𝛼 ∶ 𝐹 → C(−, 𝑐) there is also the problem of
variance. Fixing 𝐹, 𝑒𝑣 is still contravariant in the category and 𝑦 is covariant.

Exercise 2.2.iii: Prove that the contravariant Yoneda embedding 𝑦 ∶ 𝜔 ↪ Set𝜔
op

is
fully faithful.

The functor 𝜔(−, 𝑛) is the diagram

{𝑓0𝑛}
𝑓 ∗
01←−− {𝑓1𝑛}

𝑓 ∗
12←−− {𝑓2𝑛} ⋯ {𝑓𝑛−1𝑛}

𝑓 ∗
(𝑛−1)𝑛←−−−− {𝑓𝑛𝑛 = 1𝑛}

where 𝑓𝑖𝑛 is the unique arrow 𝑖 → 𝑛.
By definition, any natural transformation 𝛼 ∶ 𝜔(−, 𝑛) ⇒ 𝜔(−, 𝑚) for 𝑛 ≤ 𝑚 must

send 𝛼𝑖 ∶ 𝑓𝑖𝑛 ↦ 𝑓𝑖𝑚 and is entirely determined by the image 𝛼𝑛(𝑓𝑛𝑛) = 𝑓𝑛𝑚 since

𝛼𝑖(𝑓𝑖𝑛) = 𝑓𝑖𝑚 = 𝑓𝑛𝑚𝑓𝑖𝑛
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But 𝑓𝑛𝑚𝑓𝑖𝑛 = 𝑓 ∗
𝑛𝑚(𝑓𝑖𝑛) so that 𝛼 = 𝑓 ∗

𝑛𝑚.
If 𝑛 > 𝑚 then 𝛼𝑛(𝑓𝑛𝑛) must equal 𝑓𝑛𝑚 but there is no such arrow so this transforma-

tion cannot exist. Thus the natural transformations 𝜔(−, 𝑛) ⇒ 𝜔(−, 𝑚) are in bijection
with the arrows 𝑛 → 𝑚.
Exercise 2.2.iv: Prove the following strengthening of Lemma 1.2.3, demonstrating
the equivalence between an isomorphism in a category and a representable isomor-
phism between the corresponding co- or contravariant represented functors: the fol-
lowing are equivalent:

(i) 𝑓 ∶ 𝑥 → 𝑦 is an isomorphism in C.
(ii) 𝑓∗ ∶ C(−, 𝑥) ⇒ C(−, 𝑦) is a natural isomorphism.
(iii) 𝑓 ∗ ∶ C(𝑦, −) ⇒ C(𝑥, −) is a natural isomorphism.
Firstly, i. ⇒ ii. is obvious since (𝑓 −1)∗ is the inverse transformation. So assume ii.

and let 𝛼 ∶ C(−, 𝑦) ⇒ C(−, 𝑥) be the inverse transformation. By Yoneda, 𝛼 corresponds
to the arrow 𝑔 = 𝛼𝑦(1𝑦) ∶ 𝑦 → 𝑥 such that 𝛼𝑐(ℎ) = ℎ∗(𝑔) = 𝑔ℎ for ℎ ∶ 𝑐 → 𝑦. Therefore,
𝛼 = 𝑔∗. Since 𝛼 is the inverse transformation to 𝑓∗, we have that 1𝑥 = 𝑔∗𝑓∗(1𝑥) = 𝑔𝑓 and
1𝑦 = 𝑓∗𝑔∗(1𝑦) = 𝑓 𝑔 so that 𝑔 = 𝑓 −1 and 𝑓 is an isomorphism. The proof for assuming iii.
is the same.
Exercise 2.2.v: By the Yoneda lemma, natural endomorphisms of the contravariant
power functor 𝑃 ∶ Setop → Set correspond bijectively to endomorphisms of its repre-
senting object Ω = {⊤, ⊥}. Describe the natural endomorphisms of 𝑃 that correspond
to each of the four elements of Hom(Ω, Ω). Do these functions induce natural endo-
morphisms of the covariant power set functor?
The four endomorphisms of Ω are

(i) the identity, 1Ω
(ii) the constant function to ⊤, 𝑐⊤(𝑥) = ⊤.
(iii) the constant function to ⊥, 𝑐⊥(𝑥) = ⊥.
(iv) swapping ⊤ and ⊥, swap(⊤) = ⊥, swap(⊥) = ⊤.

and they each induce natural transformations of Set(−, Ω) by post-composition. Given
𝑓 ∶ 𝑆 → Ω corresponding to the subset 𝑓 −1(⊤) ⊂ 𝑆, post-composition with (ii), sends
everything to ⊤ which corresponds to the subset 𝑆 ⊆ 𝑆. Thus this transformation 𝑐⊤∗
corresponds to sending every subset of 𝑆 to 𝑆. Similarly, iii sends every subset of 𝑆 to
the empty set {}. The endomorphism swap sends every subset𝑈 ⊆ 𝑆 to its complement
𝑆 ∖ 𝑈.

Considering the covariant power set functor, sending every subset 𝑈 ⊆ 𝑆 to 𝑆 is not
natural since given 𝑓 ∶ 𝑆 → 𝑇, we need that 𝑈 ↦ 𝑆 ↦ 𝑓 (𝑆) is equal to 𝑓 (𝑈) ↦ 𝑇 which
is only true if 𝑓 is surjective, i.e., 𝑓 (𝑆) = 𝑇. Sending every subset to the empty set is
natural since 𝑈 ↦ {} ↦ 𝑓 ({}) = {}. Finally, sending every subset to its complement is
not natural since we would need 𝑓 (𝑆 ∖ 𝑈) = 𝑇 ∖ 𝑓 (𝑈). If 𝑇 = {𝑥, 𝑦} and 𝑓 the constant
function to 𝑥, then 𝑓 (𝑆 ∖ 𝑈) will still be {𝑥} as opposed to 𝑇 ∖ 𝑓 (𝑈) = {𝑦}.
Exercise 2.2.vi: Do there exist any non-identity natural endomorphisms of the cate-
gory of spaces? That is, does there exist any family of continuousmaps 𝑋 → 𝑋, defined
for all spaces 𝑋 and not all of which are identities, that are natural in all maps in the
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category Top?
Any such transformationwould compose, i.e. viawhiskering, with the forgetful func-

tor 𝑈 ∶ Top → Set to give a non-identity natural transformation 𝑈 ⇒ 𝑈. By Yoneda,
this must correspond to a non-identity endomorphism of the representing object, the
singleton space with one element. Such an endomorphism cannot exist.
Exercise 2.2.vii: Use the Yoneda lemma to explain the connection between homeo-
morphisms of the standard unit interval 𝐼 = [0, 1] ⊂ ℝ and natural automorphisms of
the path functor Path ∶ Top → Set of Example 2.1.5(xiv), which we call re-parametri-
zations.

Any homeomorphism 𝑓 ∶ 𝐼 → 𝐼 defines the natural endomorphism of Path via
𝑓 ∗(𝑝) = 𝑝𝑓 for 𝑝 ∶ 𝐼 → 𝑋. Recalling that each 𝛼𝑋 is a bijective function from Top(𝐼, 𝑋) →
Top(𝐼, 𝑋), any natural endomorphism 𝛼 ∶ Path ⇒ Path defines the morphism 𝛼𝐼(1𝐼) ∶
𝐼 → 𝐼 which is an automorphism by Exercise 2.2.iv.
Exercise 2.3.i: What are the universal elements for the representations:

(i) defining the category 𝟚 in Examples 2.1.5(x)?
(ii) defining the Sierpinski space in Example 2.1.6(ii)?
(iii) defining the Sierpinski space in Example 2.1.6(iii)?
Solution:

(i) For the representationCat(𝟚, −) ⇒ mor, the universal element is the singlemor-
phism 0 → 1 ∈ mor(𝟚).

Exercise 2.3.iii: The set 𝐵𝐴 of functions from a set 𝐴 to a set 𝐵 represents the con-
travariant functor Set(− × 𝐴, 𝐵) ∶ Setop → Set. The universal element for this represen-
tation is a function

ev ∶ 𝐵𝐴 × 𝐴 → 𝐵

called the evaluation map. Define the evaluation map and describe its universal prop-
erty, in analogy with the universal bilinear map ⊗ of Example 2.3.7.
Solution: The natural isomorphism Set(−, 𝐵𝐴) ⇒ Set(− × 𝐴, 𝐵), sends a function
𝑓 ∶ 𝐶 → 𝐵𝐴 to the dyadic function (𝑐, 𝑎) ↦ 𝑓 (𝑐)(𝑎) ∈ 𝐵 for 𝑐 ∈ 𝐶 and 𝑎 ∈ 𝐴. Thus, the
identity 1𝐵𝐴 is sent to the universal element function ev ∶ 𝐵𝐴 × 𝐴 → 𝐵 which, explicitly,
is

ev(𝑔, 𝑎) = 1𝐵𝐴 (𝑔)(𝑎) = 𝑔(𝑎)

for any 𝑔 ∶ 𝐴 → 𝐵 and 𝑎 ∈ 𝐴.
We say in this case that ev ∶ 𝐵𝐴 × 𝐴 → 𝐵 is the universal function in two variables

whose second variable are elements of 𝐴 and whose domain is 𝐵. It is the universal
element in the set of all such functions in the sense that any 𝑓 ∶ 𝐶 × 𝐴 → 𝐵 is uniquely
determined by a function ̄𝑓 ∶ 𝐶 → 𝐵𝐴 such that the following diagram commutes:

𝐶 × 𝐴 𝐵𝐴 × 𝐴

𝐵

̄𝑓 ×1𝐴

𝑓
ev
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That is, 𝑓 (𝑐, 𝑎) = ev( ̄𝑓 (𝑐), 𝑎) = ̄𝑓 (𝑐)(𝑎) which serves as a definition for ̄𝑓 by defining ̄𝑓 (𝑐)
for every 𝑐 ∈ 𝐶.
Exercise2.4.i: Given𝐹 ∶ C → Set, show that∫ 𝐹 is isomorphic to the commacategory
∗ ↓ 𝐹 of the singleton set ∗ ∶ 𝟙 → Set over the functor 𝐹 ∶ C → Set.
Solution: Objects of ∗ ↓ 𝐹 are tuples (∗, 𝑐, 𝑥) where ∗ is the singleton set, 𝑐 ∈ C and
𝑥 ∶ ∗ → 𝐹𝑐 which is to say that 𝑥 selects a single element 𝑥 ∈ 𝐹𝑐. Thus the objects are
the same as those of ∫ 𝐹.

Since 1∗ is the only arrow ∗ → ∗, an arrow (∗, 𝑐, 𝑥) → (∗, 𝑐′, 𝑥′) in ∗ ↓ 𝐹 is a tuple
(1∗, 𝑓 ∶ 𝑐 → 𝑐′) such that the following diagram commutes

∗ 𝐹𝑐 𝑐

𝐹𝑐′ 𝑐′

𝑥

𝑥′ 𝐹𝑓 𝑓

Since 𝑥 and 𝑥′ are seen as selecting elements 𝑥 ∈ 𝐹𝑐 and 𝑥′ ∈ 𝐹𝑐′, we have that 𝐹𝑓 (𝑥) =
𝑥′. Thus the arrows are the same as in ∫ 𝐹.

Contravariantly, for 𝐹 ∶ Cop → Set, we have that the objects of ∗ ↓ 𝐹 are the same
objects as before and arrows are tuples (1∗, 𝑓 ∶ 𝑐 → 𝑐′) such that the following diagram
commutes

∗ 𝐹𝑐 𝑐

𝐹𝑐′ 𝑐′

𝑥

𝑥′ 𝑓𝐹𝑓

Thus we have that ∫ 𝐹 = ∗ ↓ 𝐹 in the contravariant case as well.
Exercise 2.4.ii: Characterize the terminal objects of C/𝑐.
Solution: A terminal object is an arrow 𝑓𝑡 ∶ 𝑡 → 𝑐 such that any arrow 𝑓 to 𝑐 uniquely
factors through 𝑓𝑡:

𝑥

𝑡 𝑐

∃! ̄𝑓
𝑓

𝑓𝑡

That is, 𝑓 = 𝑓𝑡 ̄𝑓 . The arrow 1𝑐 is such a terminal object since we always have

𝑥

𝑐 𝑐
𝑓

𝑓

1𝑐

so that in this case ̄𝑓 = 𝑓 .
We claim that the domain object 𝑡 of any such terminal arrow 𝑓𝑡 is isomorphic to

𝑐. Since 1𝑐 and 𝑓𝑡 are both terminal, they are uniquely isomorphic by Exercise 1.6.ii.
Because composition in C/𝑐 is just composition in C, isomorphisms in C/𝑐 are com-
muting isomorphisms in C. Thus we must have an isomorphism 𝜄 ∶ 𝑡 → 𝑐 such that the
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following diagram commutes:
𝑡

𝑐 𝑐
𝜄

𝑓𝑡

1𝑐

Thus 𝑓𝑡 ∶ 𝑡 → 𝑐 is that unique isomorphism.
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