Chapter 1
Exercise 1.2: A C* function very flat at 0.

1/x
Let f(x) = {

e x>0
0 x<0
(i) Show by induction that for x > 0 and k > 0, the kth derivative f ®)(x)
is of the form pzk(l/x)e_l/x for some polynomial p,.(y) of degree 2k
in y.
(ii) Prove that f is C* on R and that f(k)(O) =0 forall k > 0.
Solution:
(i) The base case is trivial so assume f*(x) = py; (1) ¢"V*. Then

1, /1y _ 1 1\ _
f(k+1) _ _szk(;)e 1/x+p2k(;)' (P)e 1/x

(Bl 22

Since pj(v) is of degree 2k — 1 it cannot cancel the highest degree

term in p,(y) so that the sum is still of degree 2k. The term 1/x*

corresponds to the polynomial y* of degree 2 so that multiplication

with —p%; (1/x) + p,i (1/x) is a polynomial in 1/x of degree 2k + 2.
(ii) Given a polynomial p,(y) = Y. ¢y’ we have

Pa(y) < cy”
for y > 1 where ¢ = max{c;} - (n + 1). Given a large enough y we can
have that
c n . € 1 n+1
Y =fmrn’?

for any e. Specifically, choose any y > @ Then

00

“n +1 AR ;%y = e
also for y > 1. Combining these inequalities, we have that
Pu(p)e” <€
as long as y > max{l, cot1) } Since ¢ may be arbitrarily small, we

have that
lim p,(y)e™ =0

y—)OO

By choosing n = 2k and noting that

tim -1)-
lim(y = 3)= o0

we have that f*(0) = 0 for all k.
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Exercise 1.3: A diffeomorphism of an open interval with R.

Let U c R" and V C R" be open subsets. A C* map F : U — Vis called a
diffeomorphism if it is bijective and has a C* inverse F' : V — U.

(i) Show that the function f : ]-7/2, /2] - R, f(x) = tanx is a diffeo-
morphism.

(ii) Let a, b be real numbers with a < b. Find a linear function k : |a, b[ —
-1, 1[, thus proving that any two finite open intervals are diffeomor-
phic.

SorLuTION:

(i) Given that
. limx_,g cosx =0
* 0<sinc<sinxfor0<c<x<?3
* 0<cosxfor-7 <x<7%
we have that 0 < 3¢ < 38X for ) < ¢ < x < 11/2, choosing some small

COos x COs Xx
non-zero c. Thus:

. sinc . sinx .
oo = lim < lim = lim tanx

x—% COS X x—% COSX x—%

Similarly, limxﬁ_% tan x = —oo. Since tan x is differentiable, it is con-
tinuous so that it assumes all values in R by the intermediate value
theorem.

The derivative of tan is

, sin” x cos x — sin x cos’ x
tan’ x =

(cos x)?
(cos x)* + (sin x)?
(cos x)?

; 2
sinx

-1+ (22
cosx

=1 + (tanx)?

This is smooth since successive derivatives will be polynomials in tan x.
That is, assuming tan® x = Pr+1(tan x) where pg,;(x) is a polynomial
of degree k + 1 in x, we have that

tan®* x = (1 + (tan x)?) pj,, (tan x)
= P (tanx) + pi,, (tanx) - (tan x)?
which is a polynomial in tan x of degree k + 2. Thus all the derivatives
exist and are defined on |-7/2, 7t/2].

Since y® > 0 for any y € R, we have that 1+(tan x)* > 1. By the inverse
function theorem, we have that the inverse tan™' = arctan exists for

any neighborhood U C R of any point y = tan x for some x € |-Z, Z|
2



(ii)

which is all of IR by the previous discussion. Since x = tan(arctan x),
we can calculate the derivative as follows:

1 = tan’(arctan x) - arctan’ x
= (1 + (tan(arctan x))z) -arctan’ x
= (1 +x?)-arctan’x

1+1X2. By the fundamental theorem of calculus, we

X
1
arctanx:f Sdt
o L+t

given that arctan 0 = arctan(tan 0) = 0. This is smooth because we

can show that all the derivatives arctan® x = sz) where p(x) is a
(1+x2)k

So that arctan’ x =
have that

polynomial in x. Verifying this inductively:
’ 2k o k-1
arctan®*) = P () - (1+x%) =p(x)-k(1+x°)  -2x
(1+ x2)2k
_ (P (1 +x%) = 2kxp(x)) (1 +x7)
(1+ x2)%
p'(x) (1 +x?) = 2kxp(x)

- (1 +x2)*!

k-1

Thus, since 1 + x? is never zero, all the derivatives arctan®*?) are

defined and differentiable for all of IR. Thus tan is a diffeomorphism

-5 -3~ R
Let h(x) = 22 Then
_2a-b-a —(b-a)
ha) = b-a ~ b-a !
and

_ 2b-b-a _ b—a_1

h(b) b-a  b-a

A Di1GRESSION ON DERIVATIONS AND THE YONEDA LEMMA

A fundamental theorem of differential geometry is that the vector space of
derivations at a point is homeomorphic R". Somewhat surprisingly, this
homeomorphism is a consequence of the Yoneda lemma, demonstrating the
breadth of this lemma’s application. In order to apply the Yoneda lemma
all we must do is find the correct set-valued functor, which in this case is
the derivative functor taking a smooth map to its Jacobian.



The crucial step of the proof is to show that a derivation at a point is a
natural transformation which follows by applying the same fact, Taylor’s
theorem with remainder, which is used to establish the typical bijection
between derivations and vectors.

Definition 1.1. Let C;°(]R") be the set of germs of smooth functions on R”
at p with codomain RR. A derivation at p is a linear map D : C;°(R") — R

such that
D(f-g)=Df-g(p)+ f(p)-D

Let C;° be the category with objects the euclidean spaces R" with a chosen
basepoint p € R”, denoted RRj,, and with arrows R, — IRy germs of smooth
functions f : U — Ry at p € U such that g = f(p)

Theorem 1.2. The set of derivations D(Ry), define a functor C;° — Vect.

Proof. Define addition and scalar multiplication on D(RR;) pointwise. The
proof that derivations form a vector space can be found in Loring Tu, An
Introduction to Manifolds (techinically an exercise) so we only prove functo-
riality as follows.

Given f € C°(Ry, Ry') define D(f) : D(R;) — D(RY) by f*(D)(g) = D(gf)
for D € D(R}) and g € C(R"™). Thisis a derlvatlon D(IR ) since
f(D)(g-h) =D(g-h)f)
—IDgf hf)
(f( ))- D(hf) +Dgf h(f(p))
) f1(D)h + f1(D)g - h(q)
O
Let T,(R") € Vect be the tangent space at p. That is, T,(R") = (R", p), the
vector space R” coupled to a distinguished point p € R". Define the functor
T : C° — Vect by T(R;) = T,R" on objects and on arrows by T(f) = A,f,

the total derivative of f at p. Now, given any v € T,R"s we can define a
linear map 6m;(v) : C;"(IR") — Rby 6R;(v)f = A,f - v. In fact we have that:

Theorem 1.3. The map 611?;(1/) : C;"(IR”) — R is a derivation and the functions
Oy - T,R" — D(IRy) define a natural transformation 6 : T = D.

Proof. The map Ogy(v) is a derivation at p because

W)(f-8)=Ayf-8) v
= (g(p)-Apf + f(p)- %v
=g(p)- J‘v+f
=8(p) - or f+f 0 (v)g
=&RWf g(p)+ f(p) - omy(v)g
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by the Leibniz product rule for total derivatives.

For naturality, we must show that, for [ € Cf"(IRZ, IRZ1), the following
diagram commutes

ORn
T,R" —— D (R;)

Apfl lD(f)

T,R" < D(R;)

Thus given any v € T,R" and g € C;°(R") we can compute, using the chain
rule for total derivatives, that

oy (Apf - v)g = Agg - Apf v
=Dp(gf) v
= Sxy(0)(gf)
= £ (orgv)) 8
=D(f) (oy(v)) g
so that ogm o Apf = D(f) o Ops O
Theorem 1.4. Derivations at a point are naturally isomorphic to natural trans-

formations D : Cf"(IRZ, -)=T.

Proof. First we show that any natural transformation D : C;*(R;,—) = T
defines a derivation D at p by Df = Dy, (f) for f € C,(R"). For the
following proofs we will repeatedly refer to the following diagram

Dgn
C (R}, RY) —% T,R"

7| lApf (1)

C:o (IRZ,IRq) Tliq) Tq]R

and in particular the result of tracing the identity Lgs(x) = x around the
commutative square to give Dg f = A,f - Dgy 1y for various values of f :

C,°(R"). First, taking f(x) = g(x) + h(x) for two functions g € C;* (R, Ry p))
and h e C® (IRZ, th(p)), we have that
Dg, (g +h) = Ap(g + ) - Drolgs
= (A,g +ALh)- Dy gy
— A,g - Drylpg + A Dyl
= Dr,8 + DRy, /1
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by linearity of the derivative. Thus D is linear.
Now, by taking f(x) = g(x) - f(x), we have
Dg,(g 1) = Ap(g - h) - Drylgy
= (8(p)Aph + h(p)A,g) - Dyl
§(p)Ayh - Dgylgs + h(p)Ayg - Drylrs
= 8(p)Dr,, 1t + h(p)Dr,, &

’\/—\

)
) h(p)
by the Leibniz product rule for the derivative. Thus, Df = Dg.,(f) is a
point-derivation at p.

Conversely, we show that a point-derivation D at p defines a natural
transformation D : C°(RRy, —) = T as follows. Given f € C° (]Rz,]RZq) we
can write f(x) = ¥ f/(x)e; for m germs of functions f/ € C;°(R"), given a
chosen basis ¢; for R". Define Dgrf = }. Df’e; € T,R" which we will also
write as Df or D, f(x). Note that this is linear and zero on constant functions

since the same is true for D on each component (see Tu, An Introduction to
Manifolds).

By Taylor’s theorem with remainder, we can write f as
fx)=fp)+) (x'=p) &)

where x = Y x'e;, p = Y pe;, each g, € C° (RZ,Rg(p)), and g(p) = a—/[4(;)).
Then we have that

Diyf = Duf (p) + ) Dy((x' = p') gilx)
=0+ 2(#‘ - p"> - D,gi(x) + Dx' - g(p)

-3 o 2L
=A,f -Dix
=Apf - Drylry
=T(f) - Drylry
This shows that each Dgn is the same as the corresponding component

of the natural transformation defined, due to the Yoneda lemma, by the
element Dgy1gs so that D is natural.

Furthermore, this correspondence is a bijection since given D : C{°(RRy, —) =
T and dgﬁning Df = Dg,f, we haye that Dx' = ApxiDmglmg by taking
f(x) = x" in diagram (1). Choosing o to be the dual basis to ¢; we can write
the linear transformatlon Apx' as y ¢ G2} But 1s the Kronecker delta 6

j oxi
so that Apx = a'. Using thlS fact to recover the natural transformation, we
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have, by definition of D,, that
D.x = ZDxiei
i

i
= Z 0(1 (DIRl”,llR;) e;
i
= Dy Lry
Thus D defines the natural transformation determined by the same tangent
vector Dmglm; that, by Yoneda, must determine D. The other direction is

trivial since we can recover D as simply the one-dimensional component of
the natural transformation D it defines. O

By applying the Yoneda lemma to the previous theorem, we have:

Corollary 1.5. The natural transformation 6 : T = D defined in Theorem 1.3
is an isomorphism.

Proof. The Yoneda lemma gives us a natural isomorphism
¥ :T,R" - Hom(C (R, ), T)

defined by W(x)gn(f) = A,f - x for x € T,R" and f € C (R}, RY). The
previous theorem shows that the one-dimensional components of this trans-
formation W(x) establish a bijection with derivations at p which are exactly
the maps ogy from Theorem 1.3. O

Exercisk 2.1: Vector fields

Let X be the vector field xd/dx + vd/dy. and f(x,y,2z) = x* + v + 2°.
Compute X f.

— af af_ _ 2 2
Xf—xax+yay—x-2x+;u~2y—2x +2y

Exerciske 2.4: Product of derivations
Let A be an algebra over a field K. If D; and D, are derivations of A, show
that D, - D, is not necessarily a derivation (it is if D; or D, = 0), but
D, -D, - D, - D, is always a derivation of A.
Take f(x,y) = (x+1)(y+1) = xy—x+y+1landlet D, = a% and D, = a% .
0 0
Then, given that % =y+1land 3—; =x + 1, we have
d d
= f . of =1-1=1
dx|l, dy o
7

(Dy - Dy)f




but this must equal

B Ay +1) dy+1) d(x +1) dx+1)
(DI'DZ)f_ (x+1) |0 ax ay 0+ ax o ay .
=1-0-1+1-0-1

=0+0=0

so that D, - D, is not a derivation.

Exercisg 3.1: Tensor product of covectors Let ¢, ..., e, be a basis for a
vector space V and let a’, ..., " be its dual basis in V". Suppose [g;;] € R"™"
is an n x n matrix. Define a bilinear function f : V xV — R by

flv,w)= Z gt‘jviwj

1<i,j<n

forv = Y v'e; and w = ijej in V. Describe f in terms of the tensor
products of &' and o/, 1 < i,/ < n.

f= Z gijai®aj

1<i,j<n

h = Z gijaiAaj

1<i,j<n

SoLUTION:
Further, if we define

then we have that

h(v,w) = Z Sij (v'w! — ')

1<i,j<n
= E gijvlw]_ § gijv]wl
1<i,j<n 1<i,j<n
= § gijvlw]_ E gjivzw]
1<i,j<n 1<i,j<n
i
= Z (8 = &) v'w!
1<i,j<n

sothat h =Y (g, — &) @' ® a’ is determined by the matrix [h;] = [g; - g;]
which has the properties h; = 0 and h;; = —hj;. Thus, such 2-covectors are
determined by the upper-right values excluding the diagonal and there are
(5) choices for such values as expected.

Exercise 3.2: Hyperplanes

(i) Let V be a vector space of dimension nand f : V — IR a nonzero linear
functional. Show that dimker f =n — 1.



(ii) Show that a nonzero linear functional on a vector space V is deter-
mined up to a multiplicative constant by its kernel, a hyperplane in
V. In other words, if f and g : V' — R are nonzero linear functionals
and ker f = ker g, then g = cf for some constant ¢ € R.

Solution:

(i) Let ey, ..., e, be a basis for V and al,...,a" the dual basis so that
f =Y c;a’ for some c¢; € R. Since f is not zero, not all of the ; can be
zero so assume, without loss of generality, that ¢, = 0. Then, given
any v = Y v'e; € ker f, we have Y c;v’' = 0 so that

n-1

i
o _Z c;v
Cn

i=1

This shows that the n — 1 vectors f; = ¢, — Z¢, for 1 <i <n -1 span
ker f since v is exactly the following sum

n n-1 i
i 514
= v ei - en
C
i=1 i=1 "
n-—1
= v ei +7v en

For linear independence, suppose that w = ¥ w'f; = 0. Then

n-1

0=d(w) = Z(wfaf(e» - C"C—“’Ia%en)) - Z(

i=1 n i=1

i

3 7 .

w/d! - ’—6,]1) =w/
n

for 1 < j < n—1 so that the f, are independent.
(if) For any v € V we have that

n

v= E Ve

i=1

n—1 i n-1 i
i c;v Cc;v n
= E ve ——¢, +E e, +ve,
Cy ; C

i=1 1"
n-1 n-1 i
; cv' c,v"
= E v+ —e, + e,
c c
i=1 i=1 " n
n i
v
=7+ E e,
i=1 Cn



where v,, being a linear combination of the basis vectors f;, is in the
kernel of f. '
Now supposing ker g = ker f and writing ¢ = )" d;a’, we have that

= cv' = ! ~d, ., d,
g0 =g+ ) Tgle) =) “=d,=) e'=f()
n i=1 " i=1 " n

i=1

Exercise 3.4: A characterization of alternating k-tensors Let f be a k-
tensor on a vector space V. Prove that f is alternating if and only if f
changes sign whenever two successive arguments are interchanged.

f(...,vi+1,vi,...) = —f(...,vl‘,vi+l,...)

fori=1,...,k-1.

Sorution: We show that any tranposition (n m) can be written as the product
of an odd number of transpositions of the form (i i + 1). If m > n + 1 then

mmy=mn+1)n+1mmnn+1)

since thissendsn —n+1—m m—n+1l—nn+1—n—n+1andno
other elements are mentioned. By induction on m — n we have that (n+ 1 m)
is a product of an odd number of transpositions of the form (i i + 1) so that
(n m) is too. The base case (n n + 1) is trivial.

Then, writing an arbitrary permutation 7 as a product of k transpositions

]_[le(n,- m;) we have that sgn v = —1. By writing each (n; m;) as a product

of 2k; + 1 transpositions of the form (i i + 1) we have that 7 is a product of a

total of
k k
) @k+1) =2(Zki)+k
1

i= i=1
such transpositions.

Now, assuming that each such transposition flips the sign of f and letting
j = Y, k;, we have that

Tf: _12j+kf
=-1Ff
=(sgnt)f

so that f is alternating.

Conversely, if f is alternating then the sign is flipped by successive inter-
change since this is the transposition (i i + 1) and sgn((i i + 1)) = —1.
Exercise 3.5: Another characterization of alternating k-tensors
Let f be a k-tensor on a vector space V. Prove that f is alternating if and
only if f(vy,...,v¢) = 0 whenever two of the vectors vy, ..., v are equal.
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If f is alternating and v; = v; for two of the vectors then

f(vl,...,vi,...,v]-,...,vk) =—f(vy,..., s oee s Vi oee s Vi)

= —fWi e, Vi Ve, V)

so that 2f(vy, ..., v) = 0 and thus f(v;, ..., v) = 0 after dividing by 2.

Conversely, we have

f(vl,...,vi,...,vj,...,vk)+f(v1,...,vj,...,vi,...,vk)
= f(2v, e, Vi + V),V Vg, 20))
=0

since v;+v; = v;+v;. Thus for any transpositiont, Tf (vy, ..., v) = =1f(vy, ..., k)
and writing an arbitrary permutation o as a product of k transpositions we
have o f = —1*f = (sgno)f so that f is alternating.

This is sufficient to show that f is alternating if and only if f(v;, ..., v;) = 0
whenever vy, ..., v are linearly dependent. Thus assume that f is alternat-
ing and that, without loss of generality, that v, = ), ajvj. Then

Fr, o) = fy, ...,Zafvj)

j<k
= Zajf(v],...,vj,...,vj)
j<k
=0

since every term in the sum is zero by the solution to this exercise.

Conversely, use the same argument as above since equality (in this case
of v; + v; = v; + v;) is a linear dependence.

Exerciske 3.6: Wedge Product and Scalars

Let V be a vector space. For a,b € R, f € A(V), g € A/(V)), show that
af ANbg = (ab)f A g.

SoruTioN: By definition

af ANbg(vy, ..., vqy) = Z(sgn o)af (Ve1)s -+ Vo)V Wo ka1 -+ » Volkst)
=ab Z(sgn O)f (Vo1 -+ » Vo (k)8 W ike1)s +++ » Vo(ks1))

= (ﬂb)f A g(vll lvk+l)

where o ranges over all (k, [)-shuffles.

Exercise 3.7: Transformation rule for a wedge product of covectors
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Suppose two sets of covectors on a vector space V, ﬁl, e, ﬁl and 7/1, Y

are related by
!
[)’i = Za]l:yj, i=1,...,1
=1
for a k x k matrix A = [a]’] Show that

B'A ... AB = (detA)y' A...AY

SoruTioN: By Proposition 3.27, given arbitrary vectors vy, ..., v; we have
that

!
/\ﬁ’ vy, ..., v) = det [f'(vy)]

Since B'(vy) = Z;Zl a;y](vk) we have that

1 1
/\ ﬂi(vl, ..., 7)) =det [Z a;yj(vk)]
j=1

i=1
= det ([o] [y(w)])
= det Adet [/(v})]
and since det [y/(v,)] = A;Zl yl(vy, ..., v)) again by Proposition 3.27, we

have that
B'A ... AB = (detA)y' A... Ay

since the chosen vectors were arbitrary.
Exerciske 3.8: Transformation rule for k-covectors

Let f be a k-covector on a vector space V. Suppose two sets of vectors
Uy, ..., upand vy, ..., v in V are related by

k

uj:Za;'vi, j:].,...,k
i=1
for a k x k matrix A = [a;]. Show that

fuy, ..., u) = (det A)f(vy, ..., vg)

SoLUTION:



Since f is alternating, any term in the above sum where i; = i, (so that
v;, = v; ) is zero by Exercise 3.5. Thus the only terms that remain are those
for which all of the i, ..., i; are distinct, which is to say a permutation o of
1,..., k. In that case, and because f is alternating, the above sum becomes

(1) (k) (1) (k)
Zaf ceay f(va(l),...,va(k))zZ(sgno)a‘f ey f (v e, k)

o€Sk o€Sk
= (detAT) f(vy, ..., )
= (det A)f(vy, ..., V)

since the determinant of the transpose of a matrix is the same.

Exercisk 4.9: (A closed 1-form on the punctured plane.) Define a 1-form
w on R? — {0} by
1

w = X2—+y2 (—ydx +Xd}})
Show that w is closed.
SOLUTION:
dw=4d ;(— dx + xdy)
B x? +y? y y
(x4 02) — ()2 2, 2
= (" +y7) (2}}) ydy/\dx+—x Y xzzxdx/\dy
(x*+p?) (x*+?)

2 2 2 2
= Y gy nde+ =Y dxndy
(x2+y2) (x2+y2)
x2—y2—x2+y2
= de/\dy
=0

13



Chapter 2

Exercisk 6.3: Group of automorphisms of a vector space.

Let V be a finite-dimensional vector space over R, and GL(V') the group
of all linear automorphisms of V. Relative to an ordered basis (e, ..., €,)
for V, a linear automorphism for L € GL(V) is represented by a matrix [a;]

defined by
Le] = Z’ﬂ;‘ei

The map

¢, : GL(V) - GL(n, R)

L[4

is a bijection with an open subset of R”*" that makes GL(V) into a C* man-
ifold, which we denote temporarily by GL(V),. If GL(V), is the manifold
structure induced from another ordered basis (u4, ..., u,) for V, show that
GL(V), is the same as GL(V),,.

Sorution: Note that if &' is the dual basis to e; then aiLe]» = a;. Let g’

be the dual basis to u; and let T be the linear automorphism defined by
Te; = u;. Then we have that T™'y; = ¢; so that aiT_lu]- = aie]- = 6]’ This
demonstrates that g = a'T™". Let [b;] be the matrix representing L relative
to u;. Then b;- = ﬁiLMj = aiT_lLTej. Let T and T~" be represented by [T;] and
[07] respectively, relative to ¢;. By multiplying matrix entries, we then have

that A
b} = Zok’afr;
k1
! This shows

showing that each b;- is a linear function of the coordinates a;
that these two charts are compatible and thus belong to the same maximal
atlas.

14



Chapter 3

Exercise 8.1: Differential of a map
Let F : R*> — R’ be the map
(u,v,w) =F(x,y) = (x,9,xp)

Let p = (x,v) € R>. Compute F, ( 8/8x|p) as a linear combination of d/du,
d, dv, and d/dw at F(p).

Sorution: Following Proposition 8.11, F, at p corresponds to the matrix

1 0
v X

relative to the bases d/dx p 8/9y|p and 8/8u|F(p), 8/8v|F(p), 8/8w|F(p).

Thus,
E (i ) _ 9 XA
\oxly) dulpyy T dwlgy,
and we can also easily compute
d d d
Fl=||==| +x=—
( 9y p) Ilep) Wik

Exercise 8.2: Differential of a linear map

Let L : R" — R” be a linear map. For any p € R”, there is a canonical
identification T,R" — R" given by

;9
) 5a

Show that the differential L, : Tle” - TL(p)IRm is the map L : R" - R”
itself with the identification of the tangent spaces as above.

—a={(a',...,a")
P

SorutioN: We prove the following more general proposition:

Theorem 3.1. Any linear map L : T,R" — T,R" corresponds, under the
identification above, to a unique affine map A : R" — R" with A(p) = q such
that A, = L. Furthermore, A is an isomorphism if and only if L is.

This solves the exercise since any linear map L : R" — R" is affine so that L
will equal the map A of the proposition.

Proof. Let L : T,R" — T,R" and let x' be the standard coordinates on R"
and R™. Then we have that

) md
L(@p)? (P
i=1

15
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so that L = [a]] relative to the bases B/Qxi|p and 8/8xi|q.
‘Givenp = (p',...,p"yand q = (q',...,4™), let 0 € R" be defined by
o' =q - Y;a;p’ and define A : R" — R" by

n

Al(x', - x") =o' + Za;xj

j=1

In other words, A(x) = o + L(x) where L : IR” — RR" is the linear transfor-
mation determined by the same matrix [a}] as L, but here relative to the
standard bases of R” and IR".

By Proposition 8.11 we have that

0
A*(ﬁ

so that A, = L. Furthermore
Alp)=o'+) aipl=q'=) ap/+) aip)=¢
j j j

so that A(p) = q.
Finally if L is an isomorphism then A™'(y) = =L~ (0) + L™ (y) since

and

I still have to prove the other direction, that A is unique and that L is an
isomorphism if A is. O

16



Exercisk 8.3: Differential of a linear map

Fix a real number a and define F : R*> — R® by

u cosa —sina||x
[V =(u,v) = F(x,y) = [sina cos a ] M

~yd/dx + xd/dy be a vector field on R*. If p = (x,y) € R* and
(ad/du + b8/8v)|F(p), find a and b in terms of x, y and a.

Sorution: From Exercise 8.2, because F is linear, F, at p is represented by

the same matrix so that
_|cosa —sina||-v
" |sina  cosa || x
P

-5

sothata = —ycosa —xsinaand b = —ysina + xcos a.

Let X
F*(Xp)

d

+xa—y

p

Exercisk 8.4: Transition matrix for coordinate vectors

Let x, y by the standard coordinates on IR” and let U be the open set
U=R-{(x,0)| x>0}
On U the polar coordinates (r, 8) are uniquely defined by

x =rcosB

y=rsinf, r>0,0<60<2n

Find d/dr and d/d0 in terms of d/dx and d/dy.
SorLuTION:
9 _9x9 dyod
dr  drdx Jrady
_ d(rcosO) d . d(rsin6) o

ar  dx dr  dy

) 0
=cosO—=— +sinO—

dx ady
and similarly
9 _9x9 999
20 90 dx 90y
_d(rcos0) d . d(rsin0) o

90  ox 90 dy

0 0
= —rsin@—= + rcos O—

dx dy

17



Exercisk 8.5: Velocity of a curve in local coordinates
Prove Proposition 8.15.

Sorution: Given a chart (U, x') we have that

dx' (1)) = c. (%

Jx)

to

so that c’(tg) = Y ¢(to) 2.
Exercisk 8.6: Velocity vector Let p = (x,v) be a point in R>. Then

o) = cos2t —sin2t
P T 1sin 2t cos 2t

is a curve with initial point p in IR>. Compute the velocity vector cp(0).
Sorution: In the basis d/dx, d/dy we have that

ct) = —2sin2t -2cos2t||x
P77 2cos2t —2sin2t||yl|’
so that 5 3
7(0) = —2y— + 2x—
cp(0) yax + xay

Exercise 8.7: Tangent space to a product

If M and N are manifolds, let 7t; : M x N - M and 7, : M X N — N be the
two projections. Prove that for (p,q) € M x N,

(T T00) * Tip, gy (M X N) > T,M xT,N

is an isomorphism.

Sorution: Let (Up, ¢) and (U, ¢) be charts around p € M and g € N
respectively. Then by definition (U, x Uy, (¢, ¢)) is a chart around (p, q) €
M x N. Letting x' =" op, 9’ = r' op, and 2’ = ri o (¢, ) be the coordinates
on U, and U, and U, x U, we have that d/dx’, d/dy" and d/dz" are bases
for T,M, T,N and T, ,(M x N). Notice that

A
n
3

m

Z=xlom=m 1
2" =ylom, =, 1

I/\
I/\

18



so that by Proposition 8.11 we have

(2] Yosmom 2
1\ 92l ) T L 92 P T ox
= 9z 0
= Z 7(1"61)?
i=1 P
and thus
N < m
"\ ozlly,) ol ==
0
Similarly we have
J = onl 0
T(z*(_ ) = = (p,9) i
(92] (p.9) = aZ] a}} q
B P
(— 0z Y’ .
so that
0 )
T(z*(ﬁ(w))_o terEm
TC i = i i n
"\ oz ly) 9y q e
Thus

i=1 i=1 i=1

which is a bijection since (d/dx’,0), (0, d/dy') is a basis for T,M xT,N.
Now we consider the image of a velocity vector under this isomorphism.
Any curve ¢ : |a,b] - M x N starting at (p,q) can be written c(t) =
((c1(t), c5(t)) where ¢; = t; ocand ¢, = 7, oc. Then ¢; and ¢, are curves in M
and N starting at p and g respectively and by Proposition 8.18 we have that

(014, T04) (€7(0)) = (111.(c”(0)), 70,.(c”(0)))
= ((11 2 ¢)'(0), (17, 0 €)'(0))
= (c1(0), c3(0))

Exercise 8.8: Differentials of mutliplication and inverse

Let G be a Lie group with multiplication map p : G x G — G, inverse map

t : G — G and identity element e.

19



(i)

(ii)

Show that the differential at the identity of the multiplication map p
is addition:

uT,GxT,G—->T,.G
”l*(Xef Y,) =X, +Y,

Show that the differential at the identity of : is the negative

L:T,G - T,G

SoLuTION:

(i)

(ii)

To any curve ¢ : ]a, b[ :— G at e corresponds the curve ¢(t) = (c(t),e) €
GxGat (e, e). Given the previous exercise we have that ¢’(0) = (¢’(0), 0)
since eis a constant. Since e is the identity, we have that p(c(t), e) = c(t)
which is to say that y o ¢ = c. Then we have by Proposition 8.18 that

1 (c'(0),0) = p, (¢'(0)) = (poc)'(0) = c’(0)
and similarly
p#(0,¢'(0)) = ¢’(0)

Since p, is linear we have that

1. (€1(0),¢5(0)) = p. ((c1(0), 0) + (0, c3(0)))

= 1. (c1(0), 0) + p. (0, ¢5(0))

¢4(0) +5(0)

Since a velocity vector ¢’(0) can represent any vector X, € T,G, we
have that p, is addition.

To any curve c(t) € G at ¢, associate the curve ¢(t) = (c(t), t(c(t))) so
that ¢’(0) = (¢’(0),(to¢)’(0))). Because ! is the inverse, we have that
u(E(t)) = eis constant so that (#¢)’(0) = 0. Again by proposition 8.18,
we have

Since p, is addition and ¢’(0) can represent any vector X, we have that
X, +4,(X,)=0

so that 1,(X,) = =X

e

20



Exerciske 8.9: Transforming vectors to coordinate vectors

Let X5, ..., X, be n vector fields on an open subset U of a manifold of di-
mension n. Suppose that at p € U, the vectors X;(p), ..., X, (p) are linearly
independent. Show that there is a chart (V,xl, ...,x") about p such that
Xi(p) = 8/8xi|p fori=1,...,n.

SovruTion: Let (V,9) = (V, yl, e, y”) be a coordinate chart around p and
let L : T,V — T,V be the linear transformation defined by

d
L(a—yf

which is an isomorphism since the Xj(p) form a basis. Then by Exercise

= Xj(P)

4

8.2, o Loty ! : TypR" — Ty, R" corresponds uniquely to an affine
transformation A : R" — R" with A((p)) = ¥(p) such that A, = ,oLop .
Equivalently,

L=y oA o, =(p " 0Aoy) (2)

Since L is an isomorphism, so is A so that A™ o ¢ is a diffeomorphism. By
Proposition 6.11, (V, Alo P)=(V, xl .. ,x") is a chart in the differentiable
structure of the manifold. By Proposition 8.8,

I\ 9
o) ori

(A7 ey), ( 5

P(p)

so that by functoriality

d -1f 0 Jd
- = A_l o - = -1 o A - 3
Ixll, ( ¥). (97’ w(m) ¥ )"( drl w(p)) ©)

Then, again by Proposition 8.8 and using (2) and (3), we now have that
d

Xi(p) = L(a_}ﬂ )
p
)

= (o Acy),
w(p))

d

1 J
=(y °A)*(W

9
ox/

P

Exerciske 9.1: Regular Values
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Define f : R*> — R by
flx,p) = x* ~6xy + 7
Find all values ¢ € R for which the level set f~'(c) is a regular submanifold
of IR,
Sorution: The Jacobian of f is
[3x* - 6xy 2y - 6x]
which has rank 0 when
3x> ~ 6y =0
2y —-6x=10
which has solutions at
x=0,y=0
x=67y=18
These values belong to the level sets
0°-6-0-0+0>=0
6°—6-6-18+18” =-108
In Figure 1, a red x marks the two critical points. Also shown are the level
sets at —300,-100, 0 and 50. Level sets greater than 0, such as at 50, are
composed of one connected component. At 0 a loop forms around (6, 18).
At —108 this loop converges to a point and below —108 the loop component

disappears and the sub-manifold is one connected component again such
as the level set at —300 in the figure.

Exercisk 9.3: Solution set of two equations

Is the solution set of the system of equations
PPz =1, z=xy

in IR> a smooth manifold? Prove your answer.

Sorution: The solution set of these equations corresponds to the zero set
of the map R’ — R’ defined by (x,v,z) — (x> + > +z° — 1,z — xy). This
map’s Jacobian is

3x* 3y® 32°

-y —x 1
which has rank less than 2 when all 2 x 2 minors have determinant zero.
This corresponds to the equations

-3x*+39° =0 (4)
3x* +3yz> = 0 (5)
3> +3xz° = 0 (6)
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x* —6xy +y° = —-300.0
— x*>—6xy +y’> =-100.0
x*—6xy+y*> =0.0
30 1 x* - 6xy +y* = 50.0
20
10 1
0 - X
-10 A
—20 T T T T T
-10 -5 0 5 10

Figure 1: Level sets for f(x,y) = x> — 6xy + ’
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Equation (4) gives that x = y so that equations (5) and (6) both become
0 = 3x? + 3xz> = 3x(x + 2%)

and thus either x = y = 0 and z can be any value or x = y = —z°. In other
words, the potential critical points of this system of equations lie in the
image of the two curves R — R’ defined by

z— (0,0,2) (7)
z— (-2%,-2%,2) (8)

In case (7), z must also be 0 since z = xy = 0-0 = 0 but (0,0, 0) does not
satisfy x* + > +z> = 1. Incase (8),z = xy = z°2° = z* so thatz = 1
and therefore x = y = —1. But the point (-1, -1, 1) also does not satisfy
x*> +9* + z* = 1 so that no potential critical points satisfy the system of
equations. Thus the solution set is a regular manifold by Theorem 9.9.

Figure 2 shows the two surfaces with their intersection drawn on each.
Figure 3 shows only the curve

Exercisk 9.4: Regular submanifolds
Suppose that a subset S of R* has the property that locally on S one of

the coordinates is a C* function of the other coordinate. Show that Sis a
regular submanifold of R*.

SorutioN: Let p € S be such that there is a neighborhood p € U and a
function f : Uy — U, such that SNU = {(x,y) | » = f(x)}. Notice that the
map R®> — R® defined by (x,v) — (x,v — f(x)) is a diffeomorphism since it
has smooth inverse (u,v) — (u,v + f(u)). Since S N U is the vanishing of
y—f(x), (U, (x,y—f(x))) is an adapted chart around p. Since p was arbitrary
S is a regular submanifold.

Exercise 9.5: Graph of a smooth function

Show that the graph I'(f) of a smooth function f : R> — R,
I(f) = {0y, f(x,9) € R?)

is a regular submanifold of R>.

Sorution: The function ¢ : R* — R® defined by ¢(x,v,2) = (x, 9,2z~ f(x,))
is a diffeomorphism since it has smooth inverse (u, v, w) — (4, v, w+ f (u, v)).
Since I'(f) is defined by the vanishing of z — f(x, p) this is an adapted chart
relative to I'(f) so that it is a regular submanifold.

Exercisk 9.6: Euler’s Formula

A polynomial F(x,,...,x,) € R[x,,... ,xn] is homogeneous of degree k if it
is a linear combination of monomials x¢’ --- x* of degree Z}LO i; = k. Let

F(x,,...,x,) be a homogeneous polynomial of degree k. Clearly, for any
teR,
F(txg, ..., tx,) = t*F(xg, ..., X,) (9)
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Z Axis

Z Axis

Figure 2: Surfaces x> +y* +z° = 1 and z = xy with intersection curve
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4
2
0
-2
_f' -4
+ 2
4
K 4 2 0 2
Y Axis

Figure 3: Intersection of x*> + > +2z°> = 1 and z = xy

Show that
=~ JF
— =kF 10
Zx I (10)

SoruTion: Differentiating both sides of (9) gives that

d ~ OF
aF(txo, e, tx,) = ing(txo, e, 1Xy)

i=0 !

and

so that

Choosing t = 1 gives the result.
ExEercisk 9.7: Smooth projective hypersurface

Let F(xy, ... ,x,) be a homogeneous polynomial of degree k. Show that the
projective hypersurface Z(F) € RP" defined by F(x,, ..., x,) = 0 is smooth
if the dF/dx; are not all simultaneously zero on Z(F).

Sorution: Let [g] € Z(F) and assume without loss of generality that
[4] € UO = {[XO' ,Xn] | Xo # O}
26



so we can write [g] = [1,py, ..., Pu] = [lo(p)] where p = (py, ..., p,) € R" and
(P s Pu) = (L 1y o, P)-

Define fy = Foyy : R" — R. Then on the chart Uy, ¢, with ¢y(xo, ..., x,) =
(1,x1/%g, ..., X,/%), Z(F) N U, is the zero set of f, since

F(xg,...,x,) = x’(§~F(1,x1/x0, v X[ %) = x§~ﬁ)(x1/x0, v X/ Xg)

implies that f;(x;/x,, ..., x,/xy) = 0if and only if F(x,, ..., x,) = 0 whenever
xo # 0. Also notice that by the chain rule we have that

afo JF il
Ix, (p) = ax (1o(p ))a—xi p)
JF axj
= j a—xj(lo(l’))a—xi(l’)
JoF
= ox, (to(p))

fori=1,...,n.

Using equation (10) with x, = 1 we have that

= 9
D+ ) P (wlp)) = kilp) =

since p € Z(f,). Thus

Thus not all of the g—f;(p) can be zero since that would imply that each

oF of,
o (a(p) = a—i(m -0

and also that

=Y p5Rp) ==Y p0-0

so that all the dF/dx; are zero at p € Z(F) which we assume not to be the
case. Thus by Corollary 9.10, there is an adapted chart V c U, for Z(F)
around p. Since p was arbitrary, Z(F) is a regular submanifold of RP".

Exercisk 11.1: Tangent vectors to a sphere
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The unit sphere S” in R"*" is defined by the equation Y/} (x')> = 1. For
p=(p',...,p"") € S", show that a necessary and sufficient condition for

Xp = Zai%

to be tangent to S" at pis Y a'p’ = 0
Sorution: Let c(t) : R — R"" lie in S" such that ¢(0) = p and ¢’(0) = X
Since c(t) € S” we have that }_c(t)> = 1 and thus by the chain rule

1
€ T,(R™)
p

p:

n+1

2:2auy%n=

Dividing by 2 and taking t = 0 gives " p'a’ = 0 so that the condition is neces-

sary. By Exercise 3.2 we know that the hyperplane H, = {}_d'e; | L a'p' =0}

has dimension #. Thus since i, (T,S") C H, also has dimension 7, they must

be equal so that the condition is sufficient.

Exercise 11.2: Tangent vectors to a plane curve

(i) Let i : S' < R® be the inclusion map of the unit circle. In this

problem, we denote by x,y the standard coordinates on R* and by
%, P their restrictions to S'. Thus, & = i'x = xoiand § = iy = yoi. On
the upper semicircle U = [(a, b) e st | b > 0} , X is a local coordinate
so that d/dx is defined. Prove that for p € U,

2\ (2, B
ozl T \ox T axay)|)

Thus, although i, : TpS1 — TpR? is injective, d/0x|, cannot be identi-
fied with d/dx|,,.

Generalize (i) to a smooth curve C in R?, letting U be a chart in C on
which %, the restriction of x to C is a local coordinate.

Nag

(ii

SoLUTION:

(i) By Proposition 8.11 we have that

_(a ) (axoi 9 dyoi a)
il=z| | = (
axp

7z Paxt oz Py

p
ox Jd dp 0
ﬁ( )8x+8x( ) )

Pay
(22
“\ox oz 83}
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In this case since § = V1 — %2, and letting p = (4, b) we have that

(2
"\ 9%

Assume C(ty) =peUandletx =xoC,) = yoC so that
C(t) = (%(t), 9(t)) (11)

and

a9
C (tO) = (ﬂg + ba—y)

where a = —( o)and b = E( o). Since % is a local coordinate, x(f) :
R — Risa local diffeomorphism in U so that, firstly a is non-zero and

secondly there exists a local inverse ¥ ' such that d" “r(xo) = where
X(ty) = xo. Then by (11)

Then we can say the following: (x,y — (X '(x))) is an adapted chart
for the image of C in IR and C o ™' is the inclusion map relative to
the local coordinate X of this adapted chart. Thus we have resolved %
and 7 to be functions of X instead of ¢ so that by the chain rule we can
now compute

+
5
|

/L
Sl

=
T —
I

Flo
]
I
Qv
<

+

Flo
1
QU
R
5
|
A

Il
—

Plo QJI%
+

[y

NS)
~——

Q|
2l
S
=

so that
0
ox

thus normalizing the vector C’(t,) on its first component.
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Exerciske 11.3: Critical points of a smooth map on a compact manifold

Show that a smooth map f from a compact manifold N to R™ has a critical
point.

SoruTioN: By Proposition A.34, the image of f is compact and therefore
closed and bounded by the Heine-Borel Theorem, Theorem A.40. Thus the
image of f is a proper subset of R". By Proposition A.35, f is a closed map.
Now suppose f has no critical points so that f is everywhere a submersion.
By Corollary 11.6, f is an open map. Since N is both open and closed, the
proper subset f(N) is also open and closed. In particular, R” \ f(N) is also
open so that R” is the disjoint union of two nonempty subsets and therefore
disconnected. But R" is connected so this is a contradiction.

Exercise 11.4: Differential of an inclusion map

On the upper hemisphere of the unit sphere S?, we have the coordinate
map ¢ = (u,v), where

u(a,b,c)=a and wv(a,b,c)=0b

So the derivations d/dul,, d/dv|, are tangent vectors of S? at any point
p = (a,b,c) on the upper hemisphere. Let i : S> — R’ be the inclusion and
x,,z the standard coordinates on R’. The differential i, : TPS2 N T,,IR3

maps d/dulp, d/dv|, into TPIR3. Thus,

1(i )—ozli +ﬁ1i +)/li
"\ dul, ox|, ayp dz|,
[0 ) » 0 23‘ , 0
|| |=a"=5]| +°=| +v =
(8vp dx|, ayp Jzl,

for some constants a', ﬁi,yi. Find (0/, ﬁi,yi), fori=1,2.

Sorution: The inverse map ¢~ = (x,9,z) is
x(a,b)=a, y(a,b)=b, z(ab)=V1-a>-0>=c

So that by Proposition 8.11,

dx Ju
1 _ —_— = —_— =
a = au(a,b) au(u,b) 1
dy dv
2 _ — —
a = —au(a,b) —au(a,b) 0
; 0z V1 —u? —v? a a
a’=—(@ab)=———@b)=—————=—-
du du V1-a?2-p2 c
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and similarly

_%(P)ZO
d
B =2lp) =1
; 0z b b

BT i

Exercise 11.5: One-to-one immersion of a compact manifold

Prove that if N is a compact manifold, then a one-to-one immersion f :
N — M is an embedding.

Sorution: First note that f restricts to a surjective continuous map onto
its image f : N — f(N) where f(N) is given the relative topology since
if U N f(N) is an open subset of f(N) for some open set U C M, then
f71(U) is open in N because f is continuous and f~'(U) = f (U N N).
Because f is one-to-one, it is a continuous bijection to its image. Because N
is compact, f is a homeomorphism by Corollary A.35 thus satisfying the
second requirement to be an embedding.

Exercise 12.1: Hausdorff condition on the tangent bundle

Prove that the tangent bundle TM of a manifold M is Hausodorff.

Sorution: Let 7t : TM — M be the tangent bundle and let x; = x, € TM.
We consider two cases

(i) 7(x1) = 7(x,)

(i) 7(xy) = 7(x,)

In the first case there is a trivializing open set U containing 7t(x;) = 7(x,) = g
so that ¢ : E|y — U x R" is a diffeomorphism. Then we have that
P(x1) = (9, Xc'(x1)e;) and ¢(x,) = (g, L c'(x,)e;). Since ¢ is a diffeomor-
phism, ¢(x;) # ¢(x,) so that Y c'(x;)e; = Y c'(x,)e;. Because R” is Haus-
dorff, there are disjoint open sets U, and U, in IR” containing Y c'(x;)e; and
Y cl(xy)e; respectively. Then ¢ (U x U,) and (l)_l(U x U,) are disjoint open
sets containing x; andx, respectively.

In the second case, there are disjoint open sets U; and U, in M that

contain 7(x;) and 7(x,) respectively in which case 77" (U;) and 7c'(U,) are
disjoint open sets that contain x; and x,.
Exercise 12.2: Let (U,¢) = (U,x',...,x") and (V,¢) = (V,yl, ...,v") be
overlapping coordinate charts on a manifold M. They induce coordinate
charts (TU, ¢) and (TV, ) on the total space TM of the tangent bundle with
transition function i o ¢

(x', ..., x"a,...,a" - ', ...,y" b, ..., b

(i) Compute the Jacobian matrix of the transition function o™ at ¢(p).
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(ii) Show that the Jacobian determinant of the transition function z,Z: o qf)’l

at ¢(p) is (det[ayi/axj])2.
SoruTiON: Letting g = (p, 2 ai% ) € TU we have by definition that
p

9y’
] 5P

fori =1,...,nin which case the matrix entries of the Jacobian are

P’ i y'
Q(Q) = B_xf(p)
P’ B ' B
ﬁ(@ = ﬁ(l’) =
and
all”)i+n ~ f azyz
axj (‘1)— a axfaxk(p)
81,5”” ay

5 @)= 55

So that the Jacobian matrix has the form
A0
where A = [a—yi.(p)] is the Jacobian matrix of the transition function i o ¢~

and B = [Zk ax!ax (p)]. By a lemma from linear algebra, we have that

det] = (det A)®. For completeness we prove this below:

Lemma 3.2. If a square matrix has the form

A 0
where A and C are square matrices, then det M = det Adet C.

Proof. Say A = [a}] and M = [m}] and that A has size n x n and C has size
m x m. Then

n+m n
detM = Z(—l)“im} det M} = Z( 1)"*ia} det M} (12)
i= i=1
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where M} is the matrix M with the first row and i-th column removed. Then
M} is of the form

Al 0

B, C

where B; is B with the i-th column removed. By induction on the size of A,
det M} = det A det C—the base case is trivial. Thus we have that

n n

Z( 1)"*a! det M} = Z( 1)"a! det Al detC = det AdetC  (13)
i=1 i=1
By combining equations (12) and (13) we have the result. O

Exercise 12.3: Smoothness of scalar multiplication

Prove that if s is a C* section of a a C™ vector bundle 7 : E > M and f is a
C® real-valued function on M then the product fs : M — E defined by

(fs)p) = f(p)s(p) €E,, peM

is a C* section of E.

SoruTioN: Let p € M and let U C M be a trivializing open set containing p
with trivialization ¢ : 7' (U) — U x R". Because s is smooth, ¢pos : M —
U x R" is smooth so that if

(¢os)(p) = (p, Zci(p)ei)

i
then the functions ¢’ : M — R are all smooth. Then, because ¢ is linear at
each p, we have that

(o fs)p)=d(f(p)s(p)
= f(p)p(s(p)) (by linearity)

= f(p)- (p, Zc%p)ei)
= (p, Zf (p)ci(p)ei)

Note that p — f(p)c’(p) is smooth since both f and ¢’ are. Thus we have
that, ¢ o fsis smooth at p and since ¢ is a diffeomorphism, fs is smooth at
p. Since p was arbitrary, fs is smooth.

Exercisk 12.4: Coefficients relative to a smooth frame

Let 7w : E — M be a C* vector bundle and sy, ..., s, a C* frame for E over

an open set U in M. Then every e € 7' (U) can be written uniquely as a
linear combination

e=) cle)slp), p=mle)eU (14)



Prove that ¢ : w ' (U) » Ris C* fori=1,...,r

SorutioN: Let ¢ : Ely 5 V x R be a trivialization over ¢ € V C U with

ty,...,t, its frame so that
e = be(e)tj(p) (15)
=1

for functions b’ : E|y, — R. Then we have that

=¢b:w@qm)
j=1
= i bj(e)cp(tj(p)) (by linearity at p)

= Z b(e)(p, e;) (by definition of the t))

- (p, Z bf(e)ej)
j=1

which merely says that the b’ are the fiber coordinates of ¢ and thus are
smooth by Proposition 6.16.

Now given the frame s, ..., s, restricted to E|y, we have that

r

_ i
t] = Z ujS,-

i=1
for some functions a : M — IR. Because the t;are smooth and the s; are a

smooth frame, the a; are smooth by Pr0p051t10n 12.12. By equations (14)
and (15), e is both Xb’( )tj(p) and Y c(e)s i(p) so that

Zci(e)si(p) = Z bj(e)t](P)
i=1 j=1
=) _VEajp)sip)
ij

so that by comparing coefficients we have

:ibj(e) Zb] (ato1) (e)
j=1

Since we have already shown that the b’ and a} are smooth and 7 is smooth

by definition, we have that the ¢’ are smooth at e. Since e € U was arbitrary,
the ¢’ : 77" (U) — IR are smooth.
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Figure 4: Construction of the C* bump function.
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Figure 5: Bump function on R? centered at 0.

A DiGgressioN oN Bump FuncTion CoONSTRUCTION

In Figure 4, the final plot shows the bump function centered at c that is
identically 1 within Jc — 4, ¢ + a[ and supported in [c — b, ¢ + b]. Its formula

is
(x —c)? —az)

bump(c,a,b) =x— 1 —g( SRy,

and in the plot we have ¢ = 0.5,a4 = 0.3,b = 0.75. Figure 5 shows the
bump function centered at 0 in IR” that is 1 within the disc | x|| < 2 and has
support [|x|| <= 4.

Exercise 13.1: Support of a finite sum

Prove that if p;, ..., p,, are real-valued functions on a manifold M, then

supp () p;) < | Jsuppp,

SoruTION: Say x € supp () p;) and let U be a neighborhood of x. Thus U
intersects a non-zero value of ) p; so that at least one must be non-zero.
Thus U intersects | p; ' (R*). Since U was arbitrary, x € cl ([ p; ' (R*)). By
Exercise A.53,

(| o ®9) = el (o (®)) =_Jsuppp,

which proves the claim.
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Exercise A.53:

Let A and B be subsets of a topological space S. Show that cl(A U B) =
cl(A) U cl(B).

SoruTion: Since A C cl(A) and B C cl(B) we have that A U B C cl(A) U cl(B).
Since cl(A) U cl(B) is closed, cl(A U B) C cl(A) U cl(B) since the closure is the
smallest closed set that contains A U B.

Conversely let x € cl(A) U cl(B) and U a neighborhood of x. If x € cl(A)
then U intersects A so that it intersects A U B in which case x € cl(A U B).
Similarly if x € cl(B) then also x € cl(A U B). Thus, cl(A) U cl(B) C cl(A U B).

Exercise 13.2: Locally finite family and compact set

Let {A,} be a locally finite family of subsets of a topological space S. Show
that every compact set K in S has a neighborhood W that intersects only
finitely many of the A,.

SoruTioN: Because the A, are locally finite, each point p € K has a neigh-
borhood U, that intersects the A, finitely. Since K is compact, the U, have
a finite subcover U, for some points py, ..., p, each of which intersects
finitely with some sets A, ;, for j = 1,...,n;. Let W = |, Up, in which case
we have

)
WmUAa=UUpimUAa
a i o
- UpiﬂUAa)
i a
= U U,,imUAi,].
i j
CUUpimUAfJ
i i
=WﬂUAi,j
i

so that W intersects only with the finitely many A4, ;.

Exercisk 13.3: Smooth Urysohn Lemma

(i) Let A and B be two disjoint closed sets in a manifold M. Find a C*
function f on M such that f is identically 1 on A and identically 0 on
B.

(ii) Let A be a closed subset and U an open subset of a manifold M. Show
that there is a C* function f on M such that f is identically 1 on A
and supp f c U.

SoLuUTION:

(i) Since A and B are disjoint, their complements M \ Aand M \ B form an
open cover of M because for x € M if x € Athen x ¢ Bsothatx € M\B.
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Otherwise x ¢ Asothat x € M N A. Thus M c (M \ A) U (M \ B)
because x was arbitrary.

Thus by Theorem 13.7, there is a C* partition of unity pyr 4, Pas
subordinate to {M N\ A,M \ B}. Let f = pp;.p. f x € Athenx ¢ M\ A
so that py.4(x) = 0 since pyr4(x) is supported in M \ A. Then

1 = ppa(x) + pmp(x)
= pm(X)

=fx)

so that fis 1 on A. If x € B then x ¢ M \ B which contains the support
of f = pyp so that f(x) = 0. In fact we have probed the slightly
stronger claim that not only is f 0 on B but that the the support of f
is contained in the complement M \ B.

(ii) M \ U is closed and disjoint from A so that by the previous exercise
there is a function f that is identically 1 on A and whose support is in
M\ (M\U)=U.

Exercisk 13.4: Support of the pullback of a function

Let F : N - M be a C* map of manifolds and h : M — R a C* real-valued
function. Prove that supp F*h c F~'(supp h).

SoruTIiON: Suppose x € (F*h)"" (R*) so that h(F(x)) = 0. Then F(x) €
h™'(R*) C supph so that x € F~'(supph). Thus we have shown that
(F'h)™" (R*) c F? (supp h). Note that F~' (supp h) is closed since F is contin-
uous. Since supp F'h is the smallest closed subset that contains (F*h)™" (R*),
we have that supp F*h C F~'(supp h), proving the claim.

Exercisk 13.5: Support of the pullback by a projection

Let f : M — Rbe a C* function on a manifold M. If N is another manifold
and 7t : M x N — M is the projection onto the first factor, prove that

supp(rc'f) = (supp f) x N

SoruTion: First assume that (0" f) (g, b) # 0 which is to say that f(a) = 0.
Thus (a,b) € (supp f) x N. Since (supp f) x N is closed in the product
topology, and (a, b) were arbitrary non-zero values of 7" f, we have that
supp (t"f) C (supp f) x N since supp (7" f) is the smallest closed set that
contains the non-zero values of 7" f.

Now suppose that (a,b) € (supp f) x N and let U be an arbitrary neigh-
borhood of (a,b). Then there exist neighborhoods U,; and Uy of a and b
respectively such that Uy, x Uy C U. Since a € supp f, Uy, must intersect
with the non-zero values of f. Thus we can find an x € Uy, such that
f(x) = 0 in which case (1t"f) (x,b) = f(x) = 0. Thus Uy, x Uy intersects
with the non-zero values of 7" f and so U does so as well. Since U was an
arbitrary neighborhood, (4, b) € supp (7" f) and since (a, b) were arbitrary,

(supp f) x N C supp (1" f)
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Exerciske 13.6: Pullback of a partition of unity

Suppose {p,} is a partition of unity on a manifold M subordinate to an open
cover {U,}of Mand F : N — M s a C* map. Prove that

(i) the collection of supports {supp F*p,} is locally finite;
(ii) the collection of functions {F*p,} is a partition of unity on N subordi-
nate to the open cover {F™' (U,)}.
SoLuTION:
* Let g € N. Because the {supp p,} are locally finite, F(q) € M has a
neighborhood U with finite intersection {supp p;} C {supp p,}. Thus
if x € F'(U) we have that F(x) € U and thus

1=) pulF(x)
=) _p(F)
= ZP*Pi(X)

so that x € supp(}_F'p;). By Lemma 13.5, x € |Jsupp F'p;. Since
x € F7'(U) was arbitrary, F'(U) intersects finitely with the {supp F’p;}
of the {supp F*p,}. Because g € N was arbitrary, {supp F*p,} is locally
finite.

* Foranyg € Nwehavethatl =) p,(F(q)) = Y F'p.(q)sothat) F'p, =
1. Thus {F"p,} is a partition of unity. By exercise 13.4, we have that
supp F'p, € F'(supp p,) € F'(U,) since supp p, is subordinate to
U,. Thus supp F*p, is subordinate to FYU,).

Exercise 13.7: Closure of a locally finite union

If {A,} is a locally finite collection of subsets in a topological space, then
U4 =4
SoruTion: The inclusion | J A, c [J A, is always true since if x € | A, and

U is a neighborhood of x, then since x € A, for some a, U intersects that
A,. But then U intersects | J A, so that x € [ J A, since U was arbitrary.

For the other direction, let x € [JA,. Since {A,} is locally finite, x has
a neighborhood V that intersects finitely many {A;} C {A,}. Now given an
arbitrary neighborhood U of x, U NV is also a neighborhood of x so that it
intersects the | J A, since x is in the closure. Thus we have that

@iUﬂVmUAa
=UmeUA,.

CUﬁUAi
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Thus, since U N |J 4; is non-empty, it intersects finitely with the {A;}. Since
U was arbitrary, we have that x € [JA; = |JA; by exercise A.53 since the
{A;} are finite. Since each 4; is an A,, we have that [JA; C [JA, so that
x €A,

Exercise 14.1: Equality of vector fields

Show that two C* vector fields X and Y on a manifold M are equal if an
only if for every C* function on M, we have Xf =Y f.

Sorution: That the condition is necessary is trivial so assume that Xf =Y f
forany f : M - R. Letpe Mand (U, ¢) = (U,xl, ...,x") a chart around p

sothat X, = ) ai% l[pandY, =} bi% |- By Proposition 13.2 we can extend

each x' to a function %' on all of M that agrees with x in a neighborhood of
p. Thus we have that ' ' o

a' = prc’ = Ypfc' =
so that X, = Y,,. Since p was arbitrary, X =Y.
Exercise 14.2: Vector field on an odd sphere
Let x',9',...,x", 7" be the standard coordinates on IR*". The unit sphere
S*""!in R*" is defined by the equation Y, (xi)2 + (y")2 = 1. Show that

Y
X—;—yﬁﬂ'xa—yi

is a nowhere-vanishing smooth vector field on $*"".

Sorution: We have that } —y'x’ + x'y' = 0 so that this is a tangent vector at
the point (x’, y') by exercise 11.1. To find the integral curves of this flow,
consider a point (ui, bi) € $?" 1 and let

Because (ai)2 < (ai)2 + (b")2 = (ci)2, we have that —c’ < a' < ¢’. Because

¢’ cost ranges from —c’ to ¢’ there must exist a t{, such that ¢’ cos t) = a’ by
the intermediate value theorem. In that case we have that

so that b’ = ¢'sin t}. In that case the curve
c(t) = (c' cos(t — ti), ¢’ sin(t — tg))
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satisfies
c(0) = (c'costy, c'sinty) = (a', b')

and

0
—Z ﬁer((t))o"’_y"

and so is the unique flow at (a’, b'). Each integral curve thus corresponds
uniquely to choosing the set of ¢’ which satisfy

i=1 i=1
so that the space of curves is itself a sphere with dimension # — 1.

Figure 6 shows this vector field and its integral curves for S* in the chart
{(x,v,z,w) | w > 0}. The circle going around the “equator” of this chart is
the curve (cost,sint,0,0). The line going straight down the z-axis is the
curve (0,0, cost,sint).

Exercise 14.3: Maximal integral curve on a punctured line

Let M be R — {0} and let X be the vector field d/dx on M. Find the maximal
integral curve of X starting at x = 1.

SoruTtion: The curve is c(x) = x + 1 defined on ]-1, o[ in which case
c’'(x)=d/dx.

Exercise 14.4: Integral curves in the plane

Find the integral curves of the vector field

? 9_ on R?

Xow =557V,

Sorution: The integral curve at the point (a,b) € R® is c(t) = (ae',be™")
because then we have

The graph of various integral curves of this vector field is given in Figure 7.
Exercise 14.5: Maximal integral curve in the plane

Find the maximal integral curve c(t) starting at the point (a, b) € R® of the
vector field X, ;) = d/dx +xd/dy on R’,
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Figure 7: Problem 14.4
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Figure 8: Problem 14.5

Sorution: The curve is c(t) = (¢t + a, 1t* + ta + b) because then

This is the hamiltonian phase space for a constant acceleration of 1. The
x coordinate is velocity and y is position. The initial point a specifies the
starting velocity and b specifies the starting position. Various integral
curves and the vector field are graphed in Figure 8.

Exercise 14.7: Maximal integral curve

Let X be the vector field xd/dx on R. For each p in IR, find the maximal
integral curve c(t) of X starting at p.

SoruTion: This is c(t) = pe’ because then c(0) = pe® = pand c’(t) = pe'd/dx.
Exercise 14.8: Maximal integral curve

Let X be the vector field xzd/dx on the real line R. For each p > 0in R, find
the maximal integral curve of X with initial point p.

Sorution: Following the example in the text, we have that

1

X =—1¢
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The condition x(0) = p means that p = —1/C so that C = —1/p. Thus we
have the equation

which is defined as long as t = %. Thus the maximal interval containing 0

is Joo, 1.

N.B. in the exercises that follow, we identify a vector field X with a
function X : C*(M) — C*(M) that is a derivation on products even though
this correspondonce will not be proved until section 19. This allows to
avoid awkward calculations with X, and calculate globally using the vector
fields operation on functions.

Exercise 14.10: Lie bracket of vector fields

If f and gare C* functions and X and Y are C* vector fields on a manifold
M, show that

[fX,gY] = fg[X, Y]+ f(XQ)Y —g(Yf)X

SorutionN: Apply [fX, ¢Y] to a smooth function & and use the fact that X
and Y are derivations on products of functions:

[f-X,g-YIh=f-X(g-Yh)-g -Y(f-Xh)
=f-Xg-Yh+f-g-X(Yh)-g-Yf-Xh-g-f -Y(Xh)
=f-g-XYh)-YXh)+f -Xg-Yh—g-Yf-Xh
=f-g-[X,Ylh+f -Xg-Yh—g-Yf-Xh
=(f-g XY+ f-Xg-Y-g-Yf-X)h

so that [fX,gY] = fg[X,Y]+ f(XQ)Y —g(Yf)X
Exercrse 14.11: Lie bracket of vector fields on R’
Compute the Lie bracket

NN
Yox xay'ax
on R’.

SoLurtion: If
[ d J d }_ 0 J

—}}Z +Xa—y,$ —aaﬁ-ba—y
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then

I AN
TV ox x&y'ax *

Y LN S N
~ | 7ox xay ox x|\ Vox x&y
I N N
Vo Ty T ox
=0+0+0=0
and
b= _a_+ a_a_
[ 7Vox T oy ax |Y
B d Jd \dy 4 dy  dy
—(‘?a”a—y)ﬁ‘a(‘%”a—y
__2
T Tox
=-1
so that
U B
Yox xay'ax - dy

Exercise 14.12: Lie bracket in local coordinates
Consider two C* vector fields X,Y on R":

.9 9
X:Zaﬁ Y:Zb@

where a', b/ are C* functions on R". Since [X, Y] is also a C* vector field on

R",
[X'lezfﬁ

for some C* functions ¢'. Find the formula for ¢’ in terms of 4’ and b'.
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SoLUTION:
=X, Y]x'

) bR ha Dotk

j i

frd-irs

j
b - 0a’
_ ] _ B
‘]Z“ pr il

Exercise 14.13: Vector field under a diffeomorphism

Let F: N —» M be a C* diffeomorphism of manifolds. Prove that if gis a
C® function and X a C* vector field on N, then

F.(gX) = (goF)EX

SoruTion: Given an arbitrary C* function f on M, we have by definition
that F,(gX)f = gX(foF). Applying this function to an arbitrary point p € N,
let g = F(p) in which case we have that

so that F,(gX)f = (goF")F.X)f. Since f was arbitrary, we have that
F.(gX) = (g F") F.(X) by Exercise 14.1.
Exercise 14.14: Lie bracket under a diffeomorphism

Let F : N - M be a C* diffeomorphism of manifolds. Prove that if X Y are
C® vector fields on N, then

F[X,Y]=[F.X,FY]
Sorution: The vector fields X and F,X are F-related and similarly for Y and

F.Y, in which case [X,Y] and [F,X, F,Y] are F-related by Proposition 14.17.
Thus F,[X,Y] = [F.X, F,Y] by the definition of F-relatedness.
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Chapter 4

Exercise 15.1: Matrix exponential
For X € R"™", define the partial sums,, = ;" X /k!.
(i) Show that for [ > m,

l k
X1
Isi=sull < ) =

k=m+1

(ii) Conclude thats,, is a Cauchy sequence in R"”*" and therefore converges
to a matrix which we denote by e*.

SoruTION:
Loxk & xk
Isi=sull = ) 2= %
k=0 " k=0
B Loxk & xk ok
o PR
k=m+1 k=0 k=0
l Xk
- k!
k=m+1
1 Xk
= k!
k=m+1
 Since L
Z X0 _ i
k'
k=0
we have that for any ¢, there is an N such that for any m > n > N
! k
I1X]
k!
k=m+1

But this is simply ||s; — s,,,|| so that s,, is a Cauchy sequence.
Exercisk 15.2: Product rule for matrix-valued functions

Let ]a, b[ be an open interval in R. Suppose A : ]Ja,b] - R™" and B :
Ja, bl — R™? are m x n and n x p matrices respectively whose entries are
differentiable functions of ¢ € ]a, b[. Prove that for t € ]a, b,

%A(t)B(t) = A'(t)B(t) + A()B/(¢)

where A’(t) = (dA/dt)(t) and B'(t) = (dB/dt)(t).
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Sorution: Say A = [aj] and B = [b}] where 4} and b} are functions of € ]a, b].
Then

(by matrix multiplication)

d [ d -
%AB = LE Zakbj

k

Il
’*M
N|>§~
S
~T

= A’(t)B(t) + A(t)B'(t) (by matrix multiplication)

Exercise 15.5: Differential of the multiplication map

Let G be a Lie group with multiplication map y : G x G — G, and let
I, G —> G)andr, : G — G) be left and right multiplication by a and b € G,
respectively. Show that the differential of y at (a,b) € G x G is

Hofap)(Xar Yi) = (rp). X, + (1,).Y,

for X, € T,(G) and Y, € T;(G).

SoruTion: Let ¢,(t) : R — G and ¢,(t) : R — G be curves at a and b
respectively such that c;(0) = X, and ¢;(0) = Y;,. Then ¢ (t) = (c,(t), b) and
¢p(t) = (a, cp(t)) are both curves at (4, b) such that, by Exercise 8.7,

/' (0) = (c;(0),0) = (X,, 0) (16)

since b is constant and similarly ¢,’(t) = (0, ¢;(¢)) = (0,Y;). We also have
that

(o Ca)(t) = plca(t), b) = ry(c,(t)) = (r, 0 c,)(t) (17)
and similarly p o ¢, = I, o c;. Thus we can calculate
Foe(a,5)(Xa» 0) = P (a,5)(€5"(0)) (by (16))

)

) (by (17) and functoriality)
0

_. . (d
= (”l*,(a,b) ° (Ca)*) ( E

d
RN e

and similiarly p, ,4)(0,Y};) = (I,).(Y}). Thus finally we have
o) Xar Yo) = Ha(ap)(Xar 0) + fhe06)(0,Yp) = (). X, + (L)Y

Exercise 15.6: Differential of the inverse map
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Let G be a Lie group with multiplication map y : G x G — G, inverse map
1 : G — G and identity element e. Show that the differential of the inverse
map ata € G,

i*,a : TaG - Tu’lG)

is given by
iw,u(Yu) = _(rrz’1 )*,e(la" )*,aYu

SoruTtion: Let ¢(t) : R — G be a curve at a € G such that ¢’(0) = Y, and
define the curvec: R —» G x G as ¢(t) = (c(t), (toc)(t)). Then

'(0) = (c/(0), 1.,4(c"(0))) = (Yo, i, a)

and since p o c(t) = p(c(t), 1(c(t))) = e is constant, we have
0 = (joc)(0)
O)
= :u*,(u,a‘l)(z/(o))
= I’l*,(a,a“)(ya! l*,aYa)
= (r,1).Y, + (I,).1.,Y, (byExercise 15.5)

_(d
= Hua,a1) © Cx %

so that
(la)*i*,aya = _(ra‘l )Ya

and therefore
i*,uYa = _(la);l (ru‘l)Ya
= —(I;").(r,)Y,  (by functoriality)
= —(l;-1).(r,-1).Y, (definition of left multiplication)
On the other hand, by using the curve ¢(t) = ((t o ¢)(t), c(t)) we get the

equation
0= ”l*,(a‘l,a)(l*,aywya) = (ru)*l*,uYa + (la‘l)*Ya

which yields
i Ya = _(ra‘l)*(la‘l )*Ya

*,0

Exercise 15.7: Differential of the determinant map at A

Show that the differential of the determinant map det : GL(n,R) — R at
A € GL(n, R) is given by

(det), o(AX) = detA-trX for X € R"™"

Sorution: First just a note that the general formula is

(det), 4(X) = det Atr(A™'X)
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Consider the curve c(t) = Ae'® which satisfies ¢(0) = A and ¢’(0) = AX since
¢'(t) = AXe'™. Then

(det), A(AX) = (det), 4(c(0))

= d— det(c(t)) (Proposition 8.18)
dtl,
d
= —| det(Ae'®
21| dettae™
_4 det(A) det(e'¥)
dt|,
= det(A) 4 det(e™)
dt|,
= det(A) % e'™*  (Proposition 15.20)
0

= det(A) tr X o' "X

0

=det(A)tr X

Exerciske 15.8: Special linear group

Use Exercise 15.7 to show that 1 is a regular value of the determinant map.
This gives a quick proof that the special linear group SL(n, R) is a regular
submanifold of GL(#n, R).

SorutioN: We must show that if det A = 1 then (det), 4 : T4 GL(n,R) = T;R
is surjective on T;R = IR. From the previous exercise, let

0

1 0

0 0 - 0
X= 00 - 0
00 - 0

which is to say, 1 in the first row and column and 0 otherwise. Then

(det), A(AX) =detA-trX=1-1=1

so that (det), 4 is surjective.
A DIGRESSION ON THE EXTERIOR DERIVATIVE

I did not feel totally convinced by the uniqueness proof in Tu’s book that
the exterior derivative definition does not depend on the choice of chart, so
I decided to calculate it explicitly. I feel more convinced of his proof now,
but I still thought it was nifty to see how the explicit calculation works. So
first some definitions. Given a manifold M, a k — 1-form w € Q¥(M) and a
chart (U, ¢ = x',...,x"), define the exterior derivative

dyw = Z %dxi A dx!
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where w = fdx' in the chart U.

Then we already have that ddw = 0 by Proposition 4.7.ii. Next we show
the following:

Lemma 4.1. Given a manifold M and charts (U, ¢ = x', ..., x") and (V, ¢ =
', ..., "), the k-form

for a k — 1-form w, where | ranges over all multi-indices of size k and I is a
multi-index of size k.

Proof. This is proved by induction and the base case k = 1 is trivial

al’i i
90 =
Now we calculate
I\z1
d Z Y —=—
[J1=k~-1
~ ayil ayl\il ; | i ayl\il ]
= Wwdx /\dx +;l}d Z ax] dx
|I_|1= 1k |J1=k-1

) a i a JANA )
= Z’(—l)’+1 chf‘ . ,9}};\]: dx! + y"ddw (by induction)
1 x 1
TI=k

ji€l

Z ay dx’  (by the determinant formula)
[T1=k

so that

is the desired k — 1-form. O

Now we can prove chart invariance of the exterior derivative.

Theorem 4.2. Let M be a manifold and (U,¢ = x', ..., x") and V,p =
d

v',...,y") charts on M. If o € QXM) is a k-form on M then dyw =
onUnNV.

Proof. Letw =}, a]dx] =), bldyl. Then we have that

ox!
bI = ;ﬂ]a_y[ (18)

52



Zay dx! (19)

Then

dy ) by = Za—yﬁdy Ady'
1 Li
- Z()y (Za]a )dy Ady' (by (18))

da; Jx’ oxl I
:Z(?yald v A dy! +Za]a aldy Ady

LiJ Li,J
Now consider the second term

Z Yo 7y Idy A dy! —Za]dvza -

Li,]
= Z a;dydyw (by Lemma 4.1)
J
=0

and the first term

5 ' p) P
Z a,ax y dyfzz_”fa_?‘?_xdxf/\dyl (by (19))

Li] 93} ay 1,1: a}/’ dx/ 8})1
da; x!
aui 3x1d x A dy' (the chain rule)
au] ox! ay o K
) ol 9K 1
Ix] Jy! ade Adx™  (by (19))
KJ
(By the functoriality of the determinant and the chain rule:)
au] ox )
= R ey B K
Jx) gk IX N dx
= Z 3 Lax? A dx’ (since a&’xK 5{<)
L
=dy Z a]dx] (by definition)
]
so that
dy) bidy'=dy ) agd’
I ]
as desired. -
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